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: Preface o

This text is the second of two-volume set of High School Mathematics

revised in the light of recent changes in international High School Mathematics
curricula. The text consists of 12 chapters: ' '

Chapter 1 introduces functional notation, composition of functions and inverse
functions. '

Chglpter 2 is concerned with the problem of finding the remainders and factors of
polynomials with the use of the Remainder Theorem and the Factor Theorem.

* Chapter3  is concerned with the Binomial Expansion of (a + b)" for the positive
| integral index n.

| Chapter 4  is about the graphical solution of quadratic inequations.

Chapter 5  introduces the concepts of sequences and series with emphasis on
Arithmetic Progression and Geometric Progressionf

Chapter 6  is about matrices and basic operations : addition, multiplicat'on and
" inversion. Some applications to the solution of system of linear equati.ms are
- included.

Chapter 7 is concemed with the probability of an outcome. The use of tree

diagrams and tables of outcomes is emphasized in calculating the probability.

“hapter 8, 9 and 10 form what might called the "geometry™ part of the text. Chapter

8 is about the product properties of circles, concyclic points and converse theorems.
Chapter 9 deals with relation between areas of similar triangles, while chapter 10
introduces the concept of a vector and some of its applications to geometry.

Chapter 11  starts with the definitions of six trigonometric ratios for any angle and
develops some important ..lations (identities) between them. Two important
‘heorems : the Law of Sines and the Law of Cosines are also included.

Chapter 12 ﬁvhic_h is the last chapter of the text is an introduction to Differential
Calculus and some. of its applications.



Finally, one cautionary, as well as , suggestive note on how to learn mathematlcs is
appropriate here. . T

“Learn mathematu:s by domg only" -

Do not just read your textbook. You should :éiways' have a j)enéil 'arid‘pap‘e'r
with you and " work through " the text. It is suggested to make summanes of your
own for.each unit in each chapter and frequently review them. -
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CHAPTER 1

_ Functions
We have described in the Grade 10 Text some relations and functions from
one set to another set in the following ways:-

1. A verbal statement
An arrow diagram

A set of ordered pairs
A table form

A graph -
For example, the function from A= (1,2} to B = {5, 10, 15} described by the
verbal statement "is one ﬁfth of " miay be described also in the following ways:-

N

TR RC

Arrow diagram

Set of ordered pairs
{(1,5),(2, 10)}
Table form

x |12
sx| 5|10}
Table 1.1

Graph Y
A

10 Fonmea e -
Fig. 1.2
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1.1 Function

s

Fig. 1.3
A function from a set A to a set B relates each element of A to exactly one
element of B. If x is related to v, we write - co

. : Xy
_and we say X corresponds to y | I
y is called the i image of X.
A is called the domam of the function.
B s called the Lodomam of the functxon
The set of all images is called the: range of the funcnon .
Thus, range of the function = {y € B| y isthe image of some x in A}.
The range is a subset of the cod~main.
We should like to review these ideas by giving some examples:

Example 1. LetA = {2,3, 4}andB=1{6,7,9,11, 12}. Consrdera functmn from
Ato' B-such thatx =+ 3x wheneverx e A.

Let us find the range. We have
2>
I3
4> 12
. The range of the function is {6, 9, 12} Here the domain is {2 3, 4}
- The range is easily seen to be a subset of the codomain B. :
Example2. LetA = {3}andB={6,7,9, 11}. Consider a function from AtoB

such that X }-————-vzx +3wherexe A.
Let us find the range. We have
' 3 —»9

Thc range of the function is {9}.

Exémple “LetA={2,3,4} and B= {6, 7,9, 11, 12}. Consxderatunctlon from
AtoBsuchthatx I——-—>2x+3wherexe A L




Since we have
27
39
, 4 }— 11, the range is {7, 9,11}.
Note: If the set B does not contain the element 9, we will NOT get a function from
A to B sucti that x> 2x + 3. :
From the above examples we see three things are involved in a function. They
are
(i) the domain A.
) (ii) the codomain B.
‘ (iii)the rule which tells us what the image of each element of A is.

We get different functions by changiag one or more of these three things in
suitable ways. For example,the function in example (1) is different from the function
in example (3). They differ in the "rule”. We must name these functions in different
ways. If the name of the first function is f we may choose the name of the second

function to be g.

Notat;on We write f: A—— B to denote the function from A to B It is read:
"f is a function from A to B". If x corresponds to y, we write
fixl—»y. Itisread:  "fmaps x to y", or we say "y is the image of
x under f". In example (1), we have f: x —— 3x, and we sa / that 3x

_ - is the image of x. o
) Example 4. Let f be a function from tte set N of natural numbers toN 1tself such
that ~— fxb—>2x whenever x € N.
Thatis, £ N ——-—bN such that £: x I—-—>2x
Here the domain N = { 1,2,3 ~--}, and the codomam‘- N
f: 12, '
fi2b—r 4,
f:3F—> 6, and so on.
The range = {2, 4, 6, ---}

-



] Exercise 1.1 .
Write down the domain and range of the functicn f such that
f:lb—»3 -

Choose a codomain for this function.

Illustrate the function by means of an arrow diagram.. .

The domain is A= { 0, 1, 2, 3, 4 } and the function f is given by

fx l——»x + I whenever x € A. Find the range. Illustrate f by means of a
graph. _ : C ‘

Let the domain of the functlon f: x l—» 3x be the ‘set of natural numbers less
than5. .- : . . .

(a) List the elements of the domain. -
(b) List the elements of the’ ‘Tange.

" (c) Mustrate f by mieans of a graph.
Let the domain of the funcnon h: x ——»0be {2,4,6, ..

| What is the range of h? Draw an arrow dlagram for h.

IIlustrate the function f; X ———k + 2 Wlth an arrow dlagram for the domain
{3,5, 7 9, 10} Write down the range of f. - C

Find the range of the function g: x I-——>x with the domain
{-3,-2,-1,0,1,2,3). Illustrate g by means ofa graph.

For the function g : xl—-———» X" —1 copy and comp]ete the foIlowmg table:

Element ofdomam -3 _——2 —l 0 '1 2131 .
Image -1 3] . |
Functional Notation

IfA, B are sets, letf: A————» B,
That is, fis a function from A to B.
Letf:Xx b——y

That is, y is the image of x under f,
‘Theny is denoted by f (x).




In other words, the image of x under f is denoted by f (x).

It is read: "fof x".
For example, let J be the set of all integers and let f: J —J be the

function such that f:x l— X*+x+1.

In our functional notation, we write

f(x)=x*+x+1.

which is read : " fof x is x? + x + 1",

It means " the image of x under fis x* + x +1", or " the value of f(x) is

X+ x+1"

The expression f(x) = x? +x + 1 is called the formula for the function f.

The formula for the.function is convenient way to describe the rule which tells
- us what the image of each element of the domain is. - ‘

Example 1. Let the function f: R ~—»R be given by f(x) = x>+ x + 3 for every
 xe R. Find the irriages of 2 and -3. : '
Solution: The image of2is | f(2) = 2242+3 =4+2+43=9
The image of ~3is  f(=3)=(3)’+(-3)+3=9-3+3=9

Note: We find that f maps both 2 and -3 to 9.
" Therefore it is not a one-to-one function.
Example 2. Let the functlon g: R——-—> R be given by g(x) =3x” for every
- xe R ‘
Find (a) the image of 2 under g '
(b) the value of g(-1).

~ (c)the values of a € R such that g(a) = -1

" (d)the values of a € R such that g(a) =3.
Solution L o I
{a) g(2) = 3(2) =3x4=12
®) gC-1)=3(-11=3x1=3
(©) ga) =-1,ie, 3a’= -1 '



-1
sa= i‘/;

 Since :twf_?le R ,wedonothavea € Rsuchihatg(a):—-l. .

@ g@)=3; e, 302 =3
wat =1
L o na =%l | |
‘Example 3. Let the function f ; R————» R'be given by f(x) = px + q, where p

| ~ and q are real numbers. If f(1)=4 and f-2)=1, findpandq.
Solution = f(x}) =px+q. B | |

£(1) "“4 ie,p+q= 7 4---------—-(1)' |
o f=2) =1,ie,p(-2)tq=1
. -2p+q= ----------- (2)

- Solving (1) and (2), we getp=1, g= 3
Exampled. Let the function f: R—— ——-+R be given by f(x)= 2"

(a) What are the images of 3, 0, 27
(b)- ~ Find a € R such that f(a) =64.

Solution fix)=2"
- - _ 3 _
. @  f3)=2'-=8
fo) =2°=1
1
f(-2)=27=—,
(b) fa) =64
2*= 64=2°
a=>6
Equality of functions -

Two functions f and g are equal (and we write f g) if and only 1f ‘
(1) f and g have the same domain,
(2) f and g have the same codomain, and - ) o
(3) f(x) = g(x) for each element x of the domain. S




Thus, f: A————»Bandg: A————» B are regarded as the sawie
function if and only if f{x) = g(x) for each x in A. '

Example5. LetA={1}andB={1,2}.
Letf: A —»B be defined by f(x) = x* and
Let g : A~—————» B be defined by g(x) =2x-1..
Then f(y=12=1
gH)=2)-1=1
. f(1) = g(1), and so f(x) = g(x) for every x in A
. L f=g
Example 6. LetC={1,2 } andD={1,3,4}.
Letf: C-————»D be defined by f{x) = xz and »
 Letg: C————D be defined by g(x) = 2x~1. Then _ "
Oy =12=1,gl)=2(1)-1=1 "
f(2)=2"=4,g (z) 2(2) -1=3.
" We found out that there is an clement 2 in the domam C w1th
§2) # g(2).
Therefore we have f # .

Exercrse 1 2
1. Let the functlon f: R—-—-pR be gwen by

@ fx)=x+3. Fmd f(l), f(2), f-3), f(O) f( )

(b) f(x) =3 ~ 4. Find f(l) f(3), f(—2), f( )

| (c) f(x) x + l Fmd f(2), f(u-l), f(4) f(—3)
(d Find a€ R such that. f(a) 50 in (a), (b) and ().



Let the funcnon g : R———— R be given by

(a) g(x) = 2x ~ 5. Find g(3) g( 3, £00), (4, g(d). If g(a) = 99, find a.

(b) g(x) = ———-—5— Fmd the images of 3,0,-3. Fmdx1f g(x) = O

(c) g(x) =3x —‘1 . Find x such that g(x) =20,
(d) g(x) = 3x + 1. Find x such that g(x) =22.
Let the' function f: R~——>»Rbe giveﬁ by
(a) fix) =ax + b, where a and b are real numbers. If f(3) =]1land f(1)=17,
find aandb. : .
(b) f(x) = px + q, where p and q are real numbers. If f(l) 3 and f(S) 7,
find p and q .

(c) f{x) = mx + ¢, where m and ¢ are fixed real numbers If f(0) = -3 and
f(2) =1, find m and ¢, and then find f(4). ;

Let the function h : R —— R be given by h(x) 2" What are the i images of

3, 2 1,0,-1, ——27Fmdae R such that -

(1) h(a)= 64 (ii) h(a) = 128 (1ii) h(a) = g .

In this exercise, let f be a function from R R

Which of the following statements are true?

(a) If f(x) = 5 — x, the image of —3 under fis 8.

(b) If f(x) = x* + 9, the image of —3 under f is zero. -

(¢) Iff(x) = 3x + 4, then f(a) = a implies that a = -2,

(d) If f(x) = x + 3, there is only one value a & R such that f(a) = 0. .

(e) If f(x)=x"- 1, then there are exactly two values a € R such that f(a) = 0.

Iff:R—»Randg: R—-+R are ftmctlons where f2) = 0 and
. g(2)=0, can we say hat fand g are the same function? Why? - '

If f: R~———>R is given by f{x} = x* + x, the image of any a € R cas be
found. If 'A is a subset of R, we call the set { f{a) | a € A } the image of A
under f and we denote this set by f(A). Find f(B) if B={-2,-1,0, 1,2 }.




10.

Let the function f : R —— R be given by f{x) = ax” +bx. If f(-1) = 7 and
f(2) = -2, find the values of a and b and then find the values of x for which

fix) =x.
The function fis defined by f(x) = —

for all real values of x except x = 1.

Find the value of a for which (i) f(2)=5 (i) f(3)=a (iii) f(a) = a.
The function f is defined by f{(x) = px’ + qx — 5 for all values of x, If fi-1)=1

and f{(1)=-8, find - (a) the values of pandq.

(b) the values of x for which f(x) = -5.

Example 7. Let the domain of a function L be the set of positive real numbers, and

Solution

let the codomain be  R. Let the function be described by
L(x) = 1 +log,, x . Using your table, find, to three significant figures:

(a) the image of 12. - g
(b) the real number a such that L(a) = 2.5.

LEx)=1+ log,x

(a) the image of 12 = L(12) = 1+ log,el2
| =1+10792 = 20792 = 208
(b) L(a) =1+ log,a = 2.5
log,a =15
a = 31.62

a = 31.6, to three significant figures.

Example 8. Let the domain of a function t be the set {1 °2°, 3% -, 90"} and let

Solution

the codomain be R. Let the function be deseribed by

t:x F— sinx +cos X. '

(a) Use your tables to iind t(30°), tv three significant figures.
(b) Find x such that t(x) = 0.

(a) t(x) =sin X+ cosX
#(30°) = sin 30" + cos 30° = 0.5000+0 .8660 =1.366 = 1.37



(b Hx) = smx +cos X
" Sincesinx >0 and cosx 2 0 for each xin the domam,
we have, sinx+ cosx > 0
Therefore there is nio X in the domain such that t(x) = 0.

. Exercise 1. 3 :

I Let the domain of a function L be the set of posmve real numbers ‘and let the

codomitin be’ R. Let the function L’ be given by L(x) = logm (1 + x).

- . Find, to four 51gn1ﬁcant figures: :
P (a) the 1mag<.s of 5, 12'and 50. . (b) "a" such that L(a) 2 5.

2. Let A ={x / 0°<x<360° }.Let the functlon t A —~———>R be given by
t(x) =sin x — cos X. . : '
(a) Find §30°), t(60°), t (90°) to three significant i igures:
(b} Ift(8) = 0.6, find & such that 0 < @ <90
3. A functicn f from "A to A, where A is *he set of positive integers, is given by
f{(x) = the sum (_)f all possible divisors of x.
For exzmple, f(6)=1+2+3+6=12. ' .
(2) Find the values of (2), f(5), (13), f(lS). :
(b) Show that f{14) = £(15) and £(3). £(5) = (15). .
4. Let A = the set of positive integers > 4, :
B = the set of all positive mtegers

Let d: A—-—bB be a ﬁmctlon glven by d(n) = % n (n 3) the number of

diagonals of a polygon of n sides, -
(a) Find d(6}. d(8), d(10), d(12)."
.(b) How many diagonals will a polygon of 20 sxdes have?
1.3 Someideas on Functions
In this section, we will study more about functions. First, we w1ll review some
ideas on functions: : '

. Let A and B be sets. A function f from A to B is a relation in which each
* element of A is related to exactly one element of B. We write £: A —»B,

10




If an element x € A is related to the element y € B, we say that "y is the
image of x under f" and we write :
f)=y
we also write f : X ——- Y.

If f is a function from A to B then the set A is called the domain of the
function and the set of all the images of element of A is called the range of the

function.
We will write R, (A) to denote the range of f.
Thus R, (A)= {fix)| x€ A }.
Examplel. LetA={1,23,4 } aﬁd B={2,4,6,8, 10 }.Let the function
f: A——>»B be defined by f(x) = 2x. Find the range of f.

Solution
" We can write down the image of eack of the element of A as follows:
iy =2 = 2 ‘ A | f ‘B
f2)y = 22) = 4
f3) = 23) = 6
f(4) = 2(4) = 8
The range of the function fis
R{A)={2,4,6,8} Fig 14

In this example, the range is not exactly B itself. Ri(A) is proper subset of B.

Example2. LetA={-1,0,1}andB={0,1 }

Let the function g : A—» B be defined by g(x) = x%. Find the range

_ of g. _ :

Solution '
The images of elernents of A are
g1 = D =i
g0 = © =0
g) = () =1

- The range of the function g is
Rg(A)={ 0,1 ; and Rg(A)=B.
In this case, the range of g is B itself.
We notice that more than one element of A

11



correspond to ] € B.

i.e., -1 l;—;' 1
1 3

Jne - to — One correspondence .
Letf: A——»B be ﬁmctwn If each element of B is related to
xactly one element of /4, then fis called a one-to-one correspondence between A and
3. The sets A and B are - id to be in one-to-one correspondence.
ixemple3. LetA=, .,23}andB={3609}
‘ Let the ﬁmctlon f: A——— B be defined by f(x) = 3x.

: ‘Wehave f:1pw——»3 . . o o
i 2——6 S | :
I—>9 A . B

We find that _
Je Bisrelatedto I € A only
6 € Bisrelatedto 2 € A only
9¢ Bisrelatedto 3 € A only

Fig. 1.6
Figure 1.6 illustrates this function. » e Bl

- This function is a one-to-one correspondence between A and B, o
Exercise 1.4

Which of the following relations from the set A = { a, b, ¢ }o the set
- B={d, k, £} is one-to-one correspondence. ‘

"The funcuonf R——————vR is given by f(x) 3". Which element of the

domam has 243 as its image? -

12




3. The function g: A———>R, whee A = {2 -1 0,1, 2}, is given by
g(x)= %+ 1. Find the range of g. . : : _ :

4. The function h : R— R is defined by h(x) = x%. Find the images of the
elements -3,-2,~1,0,1, 2, 3. State the range of h.

Some useful functions
(1)  Constant function _

Let £: R—— R be given by f(x) = k, where ke R is a constant.
That is k is fixed and f(x) =k for every X € R. Each real number x € R is related to
k. Thus

f-1) = k
f0) = k
f4) = k
f5) = k, -etc.

The function f is called a constant function.
(2)  The identity function en A
Let A be anv set. The function [+ A———> A
defined by I(x) = x is called the identity function on A. Each
" clement of A is related 1o itself. )
) 1 is a one-to-one correspondence between A and A.
(3)  The modulus function |
Tf x is a real number, we define

Xl = x ifx =20

and W = x  ifx<0.
x| is called the modulus, or the absolute value of x.

For example, |2 =2, |:5_|h= 5,10, =0. '

The fanction f : R——> R defined by ) =" Ay
is known as the modulus function.
Example Sketch the graph of the modulus function, -+ o+
y=[x. - ki S 2 > X
13 Fig. 1.7




(4)  Step function o |
LetA={x [0Sx<3}andB=R, Letf: A——»Bbedeﬁnedby

\ Lo 0 when0<x<l Y,P
fx) =¢ 1 whenl<x<2 ' - . E
2 when2 £x<3 3t P
This function is called a step function. 24 é : i-——;

- The graph is It E——-—:’ ? :
o S0 2
1.4 Composition of Functions - o

We will start with an illustration. ‘Fig.

Let f: R—-—»R be defined by f(x) = 3x and
Let g : R~ R be defined by g(x) = x ~ 5.
ConsiderZ € R.
The i unage of 2 under fi is f2)= 3(2) 6..

 Thei image of 6 under g isg(6)=6-5=1
We may draw a flow chart as follows:

z}»—»—»st——g—-n

“We used f first, and then 2.
If x is an element of R, we have

| x}{-’é—f-—»SxF—g—;—b 3x 5

Thus f(x) =3x, and g(3x) = 3x 5
We get a function from R to R by takmg 3x— 5 as the i 1mage of x for each
xe R . ‘ -

This fanction is denoted by g f. Thus gof: R — R, where

(g-H(x)=3x~5. _
g-{is called the composite of { and g, and is read " g c1rcle .

Formula of the composite A -
‘Letf: A——pBandg: B——»Cbe given functions. .. * -
Note that the range .f f is a subset of the domain of g
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Let x € A be any element. Using f first and then g we have,

Fig. 1.9

X s () —E—» g(f(x)). Thus gof :A —»C, Where
(g )(x) = g(fx))-
Example 4. Function f: R—»R and g R»—-—DR are defined by f(x) = x* and
g(x)=3x+1.Find (i) (- () (i) (f-2) (2)
(iii) the formulae of g- fand f-g.

Solution .
() (g-HQ)=g(f2))=g@#=12+1=13
(if) (f-8) (2) = g@) =£(7) =7"=49
(ili)gof : R~ =R where =

(gof) (x) = g(f(x)) = g(x) =3x +1
f.g : R——R, where

(fog) () = g(x)) = f3x + 1) =(3x + 1)’

. _ ' Exercise 1.5
1. Furctions f: R ~—>» Rand g : R —R are defined by f(x) =2x + 1 and

g =3x. |
(a) Calculate (g-f) (1) and (g- H (3).
(b) Find the formula of g- f and check the above images.

2. The mappmgs f: R— R and g : R —> R are defined by f{x} = x + 2
and g(x) =x" Find (a) (gef) (-1), (1) (2) and (g 1) (x).

| (b) “(fog) (1), (£-g) (2) and (f- ) (x).

3. Repeat question 2 for the mappmgs f: R——R and g: R—R
defined by f(x) =x + 1 and g(x) = X,

4, For the functions g : R———R and h : R ——»R defined by g(x) = 2x and
h(x) = x* + 4, find, in simplest form: o
@eg) ) . b)) (g &) ©) (g0 (@) (heh) x).
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5. All of the followings are functions from R——PR Find a formula for g-f in

each case.

@) fx)=x-1 g(x) = x’.

(b) fx)=x+1 , gx)= 2x° —x+3.

(c) fx)=x*-1 g(x)=3x+1..

@) =x g) = x.

© f=x" ’, 0=

® fx)=2x-3 , = gr)=x’+5.
oyl AN

(g fx) =5x° - g(x) et

6. A function f: R ——R is defined by f(x) = x + 1. Find the function ~
g : R—» R in each of the following: : _
@ gHE = +5x+5 () (fg) ()=x"+5x+5.

7. If f :R ——» R is defined by f(x) = x* +1 ﬁnd the function g such that
(fo g)(x)"x +4x+ 3.

8. If f: R—-——-—-rR is defined by f(x) = x+3, ﬁnd the ﬁmctmn g-such that

(g-1f) (x) =2x*+ 3. .
9. Functions f and g are defined by f(x) = px — 2, where p is a constant, and ~

g(x)=4x+3.Find  (a) an expression for (f-g) (x).
- . (b) the value of p;_fb_tj Whiqh (fo g}(x) = (g D).

10.  Iff:R——+Rand g: R——>R is defined by f(x) = ax +b,, where a and
b are constants, g(x) = x + 7, (f-g)(1) =7 and (f- g)(2) = 15, find (f-g) (3).

1.5 Some Propertles of Composmon of Functions

Composumn of functions is an algebralc operatlon in the set of
functions. It is very useful in mvestlgatmg the algebratc properties of functions. -

In this section we will 1llustrate some propertles of composmon of
functions by workmg out partlcular examples o

Closure ‘ _ o . S
By the deﬁnmon of composxtlon of two fl.lﬂCthIlS the composxte of
functions is again a functmn in "most applications we work on particular sets of
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functions, and we should like the composite of two functions of a certain type to be of
the same fype. ‘
Example 1. Letf: R-———R and g: R—-—-——}R be defined by fix) = 2x + 3

- and g(x) = 5x — 4. (Functions of this type are known as linear
- functions): ‘
Letus compute fogand go f o
(fog) (X)=Rg(x) (g-f) () = g (fx) =g2x + 3)
= f(5x-4) =5(2x+3) -4
= 2(5x ~4)+3 C =10x+11
= 10x-5 '

We see that both f- g and g. f are linear functions.

We say that "linear functions are closed under I.c'omposifi'on“. The
above example provides a particular verification.
Example2. LetA= {1,2,3}. Let the function f: A —-—FA -and

g:A —> A be defined by the arrow diagrams.

Note that f and g are one-to-one correspondences.

We may compute the composites f-g and gofby means of arrow diagrams:

The composite fog
A

17



. Thus (f-g) (1)=3
(feg)@)=2"
(Fop)(3)=1
We observe that f- g:A———»Aisagaina one-to-one correspondence
This example illustrate the property: '

One-to-one correspondence between A and A are closed under compos:tlon.

We leave the verification for g. f as an exercise.

Associative Property

Example 3 f: R———?bR,g R+~—»R andh: R-———+R are  functions
defined by f(x) = 3x, gx)=x-1, h(x) X2 :
Let us compute the image of 2 under the composxtes h (g- t) and (hog) f
(ho(g-D)(2) = h((ge £ (2)) h(g(f(2))) h(g(6)) = h(5) = 25
(o)D) = (h-g)(f2)) = (hog) () .= h(g(6)) = h(5) =
Thus (he(g:£)) ) = ((h-g)- ) (2).
“We have not proved that h. (go t) (hog)of.

Il

II

-

The above working provides Just a particular verification, It illu /trates the -

associative property of the composition of functions.

Exercise, chcat the above verification for the image of (—5) Sh(/)w that the
formula for he(g-f) in example (3) is (ho(gof) (x) (3x ~1)%
Compute the images of 2 and -5 by using thxs formula. /

Identity function : : /

Example 4. The identity function I on R is the functionI : R -——> R deﬁned by
I(x) =x.
That is, the image of evcry x € R is just itself. |
Let f: R———>R be defined by f{x) =3x + 2. The_n '

(f-Dx) = fI(x) = fx)

(I-f)(x) = Ifx) = I(3xf2) =3x+2 = f(x).
Thus . (f-I) (x) = f£{(x)and . :
' () (x) = f(x)foreveryx e R. |
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Wesaythatfol-fandl of=F
Exercise. Letg: R—— »Rbe detmed by g(x) X - 3 and let I: R-————bR
be the ldentlty function. Show that goI=g and I. g g.
Commutativity .
The composition of functions does not; in general, .obey the
commutative law. - ‘
Example 5. LetA={1,2,3, 4 }. Let the functlon f: A—--—-pA and
g:A—» Abe defined by the arrow diagrams:

Fig 113 '_
We can check that, in this partlcular case fo g gof

These two particular functions commute in the composmon But f o g a.nd gof
" may be unequat in other cases.” '

Example 6. Consider the functions f and g of example 1.
) . Wehave (fog) () =10x -1,
o (feg)(1)=10-5=5 |
L But.  (gef)()=10x+11
S (geH()=10+11=21 "
Hence fog # gof
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Exanmiple 7. Let A= {1,2,3,4}.Let the functions f: A——»A and
‘ g: A" —* A be defined by the arrow diagrams:
‘A';' o f A

Fig 14
We can checkthat fog # gof. o

‘ : Exercxse 1.6
L R~——-——~+R g: R——+R and h: R—————»R are functions def ncd by
- f{x) =x'- 2, g(x} = x’ and h(x) = 4x. Show that ((hog)ef) (x) =4 (x — 2)’ and
((feg)eh) (x) = 64x° - 2. Calculate ((h-g)- f (1) and ((f-g)-h) (1). - ‘
2. Let I be the identity function on R and et £ R———a—R be defined by
. f(x)=x*+x +3, Show that Tof=foI=f

3. Compute (fog) (1) a:nd_(g -f) (1)1 m example 7. | |

1.6 Inverse Functions _
We will mtroduce the idea of the. "inverse” of a fumction by given

sofme simple examples. . ‘
Examplel. LetA={1,2},B={3,6}. Let the ﬁmctlonf A ~——-1>B . be
o defined by the arrow dlagram ' .

Fig. 115G)
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Now let us reverse the €isection of the arrow. We get the diagram.

A | B

Fig. 115 @

Our mam purpose is to obtam a functlon from B to A.

At least in this case we do get what we want. The function we obtained is, in
general, not'the same as the glvcn function. (We may call it the mverse of f and it IS

denoted by £~ ) f'isread: " f mverse" or "mverse of f‘ ]
We should notlce that | I ‘
) =3 whereas 3= 1
f2) = 6 whereas £ (6= 2

Most 1mportant of all is to observe that this function f happens to be a
one-to- one correspondence between the two given sets A and B. The condition "each
_element -of B is related to cxactly one elcment of A" en’sures the existence of the’

inverse functiom: : N

 Unfortunately, some cases are not favourable. Let us look at a couple of
functions in the followmg examples. : L
Example 2.  Let the function f: A——»B be given ’oy the AITOwW dlagram Notc
that the ngen functlon is not a "one-to-on¢ correspondence

s -

CFig 6@,
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If we reverse the direction of the arrows, we get the diagram: -
A B

: - Fig. 1.16 (i)
This does not gwe us a functlon from Bto A. We do not obtam the image of b
€ B among the reversed arrows, We say that the i mverse of the glven functlon f does

not exist, _
We observe that when the function f is not 2 ‘one-to-one correspondence the

.mverse of the given function f does not exist, i.e., £ does not exist.

Example 3. Let the function f: A————h-B be given by the arrow dlagram

Fig.1.17()

~

" Figadr )~

_ The element b e B is related to more than one element of A. ThlS does not
- give us a function from B to A. v : :
We do not get an inverse of the given function.
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Obser\{é again that the given function f is not a one-to-one éorrespondence,
and that ' does not exist. |
Condition for ﬁﬁs{ience :

{If we have a function g : B ——> A such that g(b) = x whenever f(x} =D,
then g is called the inverse of f, and we write g=f".]

B

Fig. 1.18

If the function g exists, then invefsc of g is f. We say that f and g are inverse
functions,i.e., each is the inverse of the other.

A fimction f | A———»B has the inverse functiong :B——A if and

only if f is 4. one-to-one correspondence between A and B. We write £ for the
function g. ' ' '

_ ) Exercise 1.7
1. f: A—» B is defined by the arrow diagram:

Show in an arrcw dlagram the inverse of f.

2. . LetA—{l234}andB——{4567}Letf A—-*-PBbedeﬁnedby
fix)=x+3.
(2) Show f in an arrow diagram.

(b) Show f™ in another arrow diagram.

3. Let A ={~2, -1, 0, 1, 2} and B ={0,1,4} Let f :A ——» B be defined by
fx) = x. .
(a) . Show fin an arrow diagram.

(b) Explain why f™ does not.exist. '
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1. The following arrow diagrams represent the functions f: A ——B,
g : C——D and h:; E——F .respectively. 'Decide in which case
reversing the arrows gives a function from the second set to the first set.

E F

, (iti)
5. f: A———B and the inverse function g : B——*A are given by thc
diagram:

(a) Find(g-1) (a), (g-1) (b)-and(g-) (c).
(b) Find (fog) (x), (fog) (y)and (f-g) (2).
" (c) Which of the following functions are equal? -
£ g Ia: A+ AandIp : B—B.
1.7  Finding a Formula for Inverse Function
Let the function f : A———B be given by the arrow dlagmm

Fsg 1.19 (i)




)

A new function g having domain B and range Ais fonne from the function f.
The new function g is called the inverse of f and denoted by £,

(Note : ™ exists as a function only when f is a one-to-one correspondence). Fig. 1.20
shows the generalised process of obtaining the inverse function.

From Fig. 1.20, we have, in general
y=ftarex=1 ()
Exampie 1. Letf: R—R be defined by f(x) = 2x + 5 and lst y be the image
of x under f, Find the formula for £ '

fx) =y
L2x+5 =y
2x = y-5
x = y-5
2
- -5
iy = 122
) 5
Thus. the inverse function is, £ (x) = 3—2—2
Example 2, Find the formula for {7, the inverse function of f deﬁned by

fx) = 3--27 State the suitable domain of £
—a8x ’

Letybe the image of x under f
fix) =

T 3-dx Y : ‘
2 = y(3-4x) = 3y-dyx



gk = 3y-2

x = 3y-2
hed
Thus the reqmred formula is ™ (x) = -——2:-%, x# 0.
X

In f(x) = -—-?'—-‘—, we must have'3 -4x # 0.
: 3—4x , :

3
S X #E -
4
- Domainof fis A={x|xe R, x # %}

2x+3

Example 3. A function f: R R be defined by f(x) = x # 5, find -
£1(3). S
Letybe the image of x under f
fx)=yex=1{"(y)
Let a=f1(3)
a=f'@)efla)=3 '
ie. 2:_+53 =3 . 7 . : )
2a+3 = 3a-15 | -
_ a2 =18
AT a1 3)= 18

‘Exercise 1.8 -

1. ( Find the formula for the inverse function ™ where f: R —*R is defined
; by o . . -

/[ @f)=2x-3 (b) fx) =1+ 3x  @©fx)=1-x

Se=E  @weteey 0= E ke

2. A={ x]x>0 xe R} and f g,harefunctlonsﬁ'omRtoRdeﬁnedby
f(x) =x +1, g(x) = 2x, h(x) x%
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(a) Find the formulae for the inverse functions g";h™.

(b) Evaluate £ (5), g™ (7), and h™'(5).

Functions f: R — R and g: R—R are deﬁned by \f(x) 2x and
gx)=x+2. ’
(a) Find formulae for the inverse functions £~ and g™
(b) Find formulae for gof, (g-f)™ and £« -g“' .

A function f is defined by f{x) = 2x _35 .
x —

(a) State the value of x for which f is not defined.

* (b) Find the value of x for which f{x) = 0.

(c) Find the iv=-- - 7 c.ion £ and state the domain of £,
Find the formulae for £ where the function fis defined by

-

_ 1 ) _ 3 o
, (a)f(x)—1+x,x¢1 (b)f(g) x_2,x;=e2
_ X
(c)f(x)—--————x_4,x¢4 |
s 3x—5 7 ”_bj_
(d) fix > +7,x¢ > (e) fx) . x#O

Let f: R—» R and g : R———> R be defined by f(x) = 3x — 1 and
,s_.(\) x+7. Find (£« g)-(x) and (g f)(x) What are the values of (f™ o g)(3)

and (g™ <) (2)?

A functlon fis deﬁned by f{x) =3x - 1

(2) Find EHx) and £ (%). :

(b) Determine whether (f » Hl(x)is the same as (f™ f“'j(x). '

~ 2410 s 8 Find

(a) fv-l (5) L
: ‘(b) a posmve number p such that f(p) p

By 2 BN



9, The functions fand g aredeﬁned for real x as follows:

‘f(x) 2x — 1 and g(x) = x+13 ,x# 1.

(a) Find the cofﬁposi‘te functions fog and gof. |
(b) Find the inverse functions £~ and g™'.

(¢) Evaluate ( f» g“‘) (I)and ( g™ o_f_l) ).

10.  Given that f(x) = 2 ,X # 2and that f{?) 2, find

(e.) the value of a.
(b) £ (—4).

1.8 ‘Binary Operation

The reader is already familiar with several operations such as addition,
subtraction, multiplication and division in the context of a set of real numbers, For
example, we can combine the natural numbers 2 and 3 by means of addition to obtain
the natural number 5. In fact, we are associating the ordered pair (2 3) with the natural
number 5.

Under this rule .
the ordered pair (3, 1) w111 give3+1=4
the ordered pair (4, —2) will give 4 + (-2) = 2 efc.
In functional view point, we are looking at the function
f:NxN —— N |
&Y) b fixy)=x+y
where N is the set of Natural numbers. Let us be more spec1ﬁc and state the followmg
defmition.

Definition 1: A binary operatlon 'O"onaset Aisa functxon from AX A into A.. The ,

domain of " © "is A x A and the range of " O "isa subset of A.

The property that the range of the operation is a subset of A is referred to. as-
closure of the operation. In other words, a binary operation must be closed in such a
way that the image of the ordered pair (x, y), which we denote by X O y must be in A,
i i:'e., G (x,y) =x Oy € A whenever (x,y) € A x A. If the operation O maps (X, y) of
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AxA intote A,then we shzi’ :'enote this by O(x,y)=x0y=tIn short, we write
xOy=t ’ .
Remark: (1) IfNisthe set of natural numbers, then the function
O:NxN N defined by |
(xy) p——>x0Qy=x+y |
is a binary operation. That is, addition is a binary operation on the :
of natural numbers. |
(2) Similarly, multiplication
O:NxN N :
(X,y) ——»x O y = Xy is & binary operation.
Example 1. Let the mapping O be defined by (X, y) ——> X Oy =x+ 2y,
wherex,ye A={0,1}.1Is this function a binary operation?
Solution The domain of the function © is A x A. We have to find out whether
the range of the function is a subset of A, so that the function will
satisfy the closure property. First, note that, as A= {0, 1}
' A x.A = {(0,0), (0,1), (1,1),(1,0) }.
Under the mapping '
(0,00——>» 000 = 0+2.0
ON)— 001 = 0+2.]
(1,O——> 100 = 1+20
L—101 = 1+2.1

i

nN o

0
2

1

3

H

Thus the range of Qs {0, 1,2,3 }, which isnot subset of A. Hence

the closure property is NOT satisfied. Thus the mapping © is nota binary operation
on A. (Actually, it is just sufficient to point out that the image of (0, 1), which is 2, is
notin A.) ) ;
Remark:  The simplest way to show the el_cménfs produced by a binary operation
is by construction of a table (known as Cayley table) as shown in Fig. 1.21 below.
The element a © b can be found at the intersection of the row containing a-and the
column containingb,
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a b - C /-
a®b - |+— row containing element a

Ol O

- i

E Fig.121 -~ column containing element b.
For example, Cayley table for the above example 1 is shown in Fig. 1.22.

® | o

- 0 0 2 " | Oisdefinedbyx Oy = x +2y.

~ : 3 T
Fig. 1.22

Construction of Cayley table can be seen in example 6
Example 2. Let N be the set of natural number. Is the functlon O defined by
aOb=a(a+b)wherea be N, abmaryopcratlon?lfltlsabmary
operatlon,f’nd (a)203 (b)20 2.(c)302 (d)Is302 2037
Solution _
~ Here the domain of the ﬁmctxon OisNx N.
O(b)=al®b= a(a+b)
We must show that the closure property is satisfied.
That is, to show that image © (a,b)=a®be N.

~Since a, b are natural numbers, thelr sum (a + b) and the product
a(a+b)are also natural numbers. : ‘ :

Hencea(a+b)e N,
ThusaObe N andztherefore the closure property is satisfied. ‘The

functlogo is a binary opemtién
NowaOb"a(a+—b’(wherea be N ‘
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() 203=2(2+3)=10 ‘ _

(b) 202=2(2+2)= 8 ;-

(c) 302=3(3+= 15

(d) 203 = 302 (by(a)and(c)).

The property of the abeve example means that the binary operation is ot
commutative. In general we can define commutative ness as follows:

Deﬁmtlon 2: A binary operation @ : AXA ——% A
(a,b) be——paOb
is said to be commutative if and only if,
aOb=b0a.

(Here ordering of the ordered pair is very important.)
Example 3. . A binary operation on the set R of real numbers is defined by

XxOy=xy+x+y ShowthatxQy= yOx (i.e, to show that binary

operation is commutative.)
Solution

xOy=xy+x+ty

yOx= yx +y+x

Clearly xOQy=yOx.
. (Thus the binary operation is commutatlve)

We have seen composition of two functions f and g. For example
composmon go-fis given by (g-f) (x) = g(f(x).

Since a binary operation is a function, we can composﬂ:c it twice. Thus

1f @ is a binary operation |
| O:AXA ——p A
(ab)p— s a0Ob.

then (a @ b) O ¢ means, first we have to take the operation (a, b)|—--—;- a@be A,
and again to take the operation (2@ b,¢) ——» (20b)0Oc.
Example 4. Let R be the set of real numbers. A binary operation O is defined by

O:RxR R )

xy) ——> x0y=x+y
(a) Evaluate [(203)04]+[20(30 4)).

31



(b) Show that (x O y) O x=x 0 (y Ox).
Solution -
(a) O:RxR ——» R ,
%y) —— xOy=x’+y’
203=2" +3%=4+9=13 |
203)04=1304

= 1+ 422169+ 16 =185, eeoereeee (n
Next 304=3%+4 = .9+16 =25 . .
20304=2025.
=22425% = 44625 =629 oo (2)
20 3)04+20(304) =185+629 = 814

(by Tofind(x0y)0OXx, we have to evaluate first x Oy.NowxQy=x+y
CxOYOx =(F+y)0x =P Hy)HXE

= x*+ 2y +ytex? | e 3)
On the other hand, .
yOx =y +x°.
»XO@FOx) =x0F* +x) = X+ +x)
=x*+y¥+ 2x%y? + x* e C )

From (3) and (4), we conclude that (x € y) © x =x O (y O x).
Note:  From the equations (1) and (2) of the above example; we can see that
(203)04=185 '
~and 203 04)=629.
thus ' (203)04#20(304)

‘ In this case, we say that the binary operation is not associative.
~ In general we can define associativeness as follows:

Definition 3: A binary operation @: A x A —'»A
_ Y} —— X ) y
is said to be associative 1f

a®@®b0oc) =‘(a0b)0c,fcran)ia,b,c'eA.
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Example 5. A binary operation © on the set R of real numbers is defined by
| xOy=xy+x+y Showthat(x 0y)Qz=x0(y O 2).
Solution '
To find (x O y) O 2z, we first find (x O y).
x0y =xy+x4r.y= t, (say)
o (xOy)0z =1t0Qz= tz+t+z.
Substituting t=xy +x +y, we get
(x0y)0z =(y+x+yz+xy+tx+y)+z
= Xyz+ Xz +yz+xytx +y+zZ--cemmeeee (1)
On the other hand, to find x O (y O z}, we first find y O z.
yOQz=yz+y+z =5, (say)
xQ((y0z) =x0s
» 'I =Xs+tx+s
Substitﬁtings=yz+y+z, we get

xO(y0z) = x(yz+y+tz)+x+(yz+ytz)

=xyi+'xy+xz+x+yz+y+z

: =Xyz+xy-+xz+yz+X+y+z oo (2)

By (1) and (2) , we get. '
x0y)0z=x0(y02z).

Example 6. A binary operatlon O on the set of integers defined by x O y ="the
remainder when X’ is divided by 5. Complete the following operation table.
(Cavley table).

{Here, 0° is indeterminate, 50 Wwe assume 0" =1]

i ® Jo 1123 4
[o 1 '
1 T
2 2
15 B
4 1 L
Table 12
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Solution x @ y = the remainder when x” is divided by 5.
0 O 1 = the remainder when 0' is dividedby 5 = 0 -

[ Thus 0O 1=0 . = ecocemmea(1)
| .. Similar calculations yield

002 =0 e —"

003 =0  cooommeem 3)

004 =0 e (4)

100 = the remamder when 1%is d1v1ded by S = 1
Thus, 1 00=1
Similarly, 101=1
102=1
103=1
104=]
T\o evaluate 2 @ 0, we have 2° = I Thls when divided by 5,
gives the remainder 1. Thus,

4 200=1
Similarly  2'=2 _.which implies 201=2
22=4 which implies 202=4
 2°=8 ' which implies 203=3
2'=16 which implies ~  204=1
Ai_so 3%=1 which implies ~ * 300=1
31=3 - which implies 301=3
3%=9 which implies . =~ 302=4
3P=127 which implies 303=2
. 3*-81  whichimplies =~ 304=1
And 4'=1 which implies ~ 400=1
o 4l=4 -whichimplies - 401=4
- 4=16 which implies 402=1
#=64  whichimplies . 403=4
4*=256 which implies @ 404=1

Thus the table for the binary operatlon w:ll be
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oo [T [2]3 [4

0.]1 |00 ]o0 |0

L1 11 [1 111

2 |1 f2 |4 (3 |1
NEEEREREEL
.‘. 41 |4 [T ]a 1
" Table 1.3

Example 7.Let A = { 0,1,2,3,4} and a binary operation ®: A x A———»A ~ be
defined by (x,y)———x @ y =r, where r is the remainder when x +y
is divided by 5. (Here + is the usual addition). Complete the foliowing

Cayley's table
® |0 1t {2 3 (4 {
0 {0
1 12
2 4 . Tablel. 4
3 1| )
4 3

. x @ y = the remainder when x+y is divided fby 5.‘.W'e will evaluate 0@ 1
first. 0@ 1 =the remainder when 0+ is divided by 5 = 1.
Thus 0 ® 1 =1 | |

_ Similar calculétipn yi'eld's 0 @ 2=2
e @8 =3
- CLTT T v@a=4

/ We notlce that 1 + 0= 1 and 1t gwes the remamder 1 when d1v1ded by 5 o

—
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" Thus - . 1®e0=1.

 Similarlly , 1©1=2

1®2=3

1d1=4

1®4=0, as | +4 =35 leaves remainder 0 when divided by 5.

Ca’lcﬁlating this way, we get

200=2
201=3
282=4
- 283=0

- 2®4=1,as2+4=6leaves rcmz_iinder 1 when divided by 5.

380=3
3e1i=4
3b2=0
3@3=1
3P4=2
-4D0=4
491=0
42=1
4@®3=2
4®4=3

Thus the completed‘ Céyley‘s table is

36

@ Jo 1|23 4

0 J0 |12 |3 |4

1 [1 ]2 [3 |40

2 12 13.14 ]0 |1

I3 3[4 |0 41 ]2

& 4 [0|1 (2 [3
Table 1.5

[ This kind of binary operation
together with set A is called
5- hour clock arithmetic or

.arithmetic roodulo 5]
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Exercise 1.9
Let A = {0,1,2 } and the mapping O be defined by
(xy) ——>xQy=x+3y. '
Is the mapping a binary operation 7
Let J* be the set of all positive integers. s the function O defined by
aOb=2a2at+b), a,be J', a binary operation? ,
If it is a binary operation, find .
W 203 (i) 302 (i) (203)04
(iv) 20(304) (v) 5203=3027
(v) (vidls(203)04=20(304)?
Show that the mapi)'ing © defined by x O y = xy — x—-y is a binary operation
on the set R of real numbers. ‘ ‘
(a) Is the binary operation commutative?

[ie,lsxOy=yOx,forallx,ye R

(b) Find(203)04and20 (30 4). Are they equal?
(¢c) Is the binary operation associative?
[ie,Is(x0y)0z=x0(y02), forallx Z€ R?]

The operation O is defined by x @ y = - 4 Xy —95 y*. Calculate 5 G) 4, Find
the possible values of x such that X & 2 = 28. .
A binary operation © on R is defined by x Oy= x(3x+ 2y) for all real
number x and y. Find (1 0 2) © 3.- Find the possible values of x such that
x O 3x =36. -
2,2
—;y -xy, for
- all real numbers x and y. Show that the operation is commutative, and find the
 possible values of a-such that 2@ 2=a+2. -
Copy.and- complete the following Cayley tables (Wthh ot the system has

closure property?).

The binary operation @ on R is defined by xQy = s
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()

)

(&) -

E

I 0 l E denotes an even number
O denotes an odd number
0 E + denotes ordinary addition.
B | 2 _ . :
0 @; denotes addition in 3- hour clock arithmetic
i (based on a clock with the numerals 0,1 ,2).
2 | o
e o 2 3 4
0 0
1 0 ®; is multiplic tion & 5-hourclock
2 0 ' arithmetic. (Notice that ihe entries
3 0 are the remainders ondivision by 5)
9 0
v| @ B C | |
D /) _ A={123},B={34,5)
A - c C = {1,2,3,4,5). |
"B : - Wis the operation of union.
nj| @ B L
ol @ S A,B,Care the sets in question (d)
1 o N is the operation of intersection,
A ) = e Operation of fnterse
. B . ‘
¢




8. By producing one counter-example in each case, show that none of the
following are associative. '
() operation—onZ (b) operation + onthe set {xjxe Q and x> 0}
(¢)  operation © on N, where a Ob=2a"

SUMMARY

Functional Notation |

Iff: A——» Bwhere f: x — %2 + x +1, we write f(x)-‘=x2+x+ 1.
This expression gives " the formula for the function f".

It is a convenient way to describe the rule which tells us what the image of
each element of the domain is.

The image of keAis fk), and it is computed by subststutmg k for x m the
"formula”.

One - to - one correspondence ‘ 3,
Let f: A ——— B. If each element of B is related to exactly one element on
A, then fis called one - to - one correspondence between A anq B.

Composite of fand g.
(g H(x) = g ({(x))
Identity function

CIIA—e A, deﬁned by I (x) = x forevery x € A, is the ldentlty function on
the set A.

Associative Law
- he(gef) = (hog)-fholds true.

Commutative Law
The composition of functions does not; in general, obey the commutative law.

Inverse function
. A function £ : A ———» B has the inverse function g : B———> A’ if ‘each
element of B is the image of a unique element of A. '

y= fx) < x = £7(y)



Binary Operation

Binary operation on a set A is a function from A x A into A where the range
is a proper subset of A. The property that the range is a proper subset of the given set
is known as the closure property. :

In symbol, we write " O " for the function and thus we have the ﬁmctlon "o
from Ax A into A. ' :

We use the notationx O y for image of the ordered palr (x,y). Ne
Thus O (x,y)=x Oy.

Cayley tables are widely used for binary operations.

A binary operation is commutative if x @ y =y O x,

A binary opcration is associative if (x O y) @ z=x 0 (y O 2).
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CHAPTER 2
The Remajinder Theorem and the Factor Theorem
2.1  The Remainder Theorem '
We know hew to divide a polynomial expression agx" +a kM - - - +agx

+ a, by polynomials of the first degree, such as x—1, x +2, 2x + 3, x —% and SO On.
The remainder is always a constant. The remainder does not depend on the value of x.

Our aim is to find the remainder without doing the actual division.

We will use.the functional notation f{x) to denote a polynomial in x. When we
deal with more than one polynomial, we may denote the polyncmials by P(x),

Q(x),g(x), etc.
Theorem:
If a polynomial f(x) is divided by x—, the remainder is f{k).
Proof: Let Q(x)be the quotient and let R be the remainder when f(x) is divided by
. x—k. ' ' : :
'R does not depend on the value of x.
“We have f{x) = (x - k) Qx) +R.
Substitute k for x. Then
fiky = (kKQKk) +R
= 0.QKk)+R = 0+R
Thatis, R = f(k).
This theorem is known as the remamder theorem
Exampie 1.  Find the remainder when x® + 2x — 5 is divided by x~1.
Solution. ' |
Let fx)=x"+2x-5.
when f{(x) is divided by x ~ 1,
 the remainder = (1) = 1*+2x1-5= -2
Example 2. Find the remainder when x’ + 3x* - 5 is divided by x + 1.
Solution ' -
Let flx)=x"+ 3x%~ 5.
We see that . x+1 = x— D

4



‘When f(x) is divided by x +1,

the remainder = f{— )— 04)7+3e-)-5 = -3
Example3. When the polynomial x* — 3x% + kx + 7 is divided by (x + 3) the
. . remainder is 1. Find the value of k.
Solution o -
 Let f(:'c)='x3—3x2‘+kx'+7
When f{(x) is divided by (x +3), e :
mMMWMa—ﬂd)*&m x3ﬁ+uaww.‘

= -27-27-3k+7 = -47-3k
By using the given condition, -
-47-3k = 1
3k = - 48 -
ko=~ 16

2.2 Extensmn of the Remainder Theorem ‘
Let us consider the division of t(x) by (ax b). If f(x) is dmded by

(x-— ) the remainder is f ( )
Let Q(x) be the quotlent. 'I‘hen _ . ,
b o b cax—b b
fix) =@E-—)AW+(=) =(——)Qx)+K-)
: a a’ a a
- @x-t) X2 4 g,
o -oa - -a _
whéx_l f(x) ‘.is‘ divided by (ax';— b), the remainder is f( E ).

Q()

The quotient in this case is ~=-~
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Example 4. Find the remainder when 2%’ + x* ~5x + 3 is divided by 2x + 1.

Solution

Rl AT LI o A e

—
e

1.
12. .
13.,

14.

. Let t(x)-=2x-3'-i-x2 —5x+3.
Weseethat 2x+1 = 2%x-(-1) |
- remainder = f(——) - 2(——) +r )'2—15(—%)+3

+

—5- +3 =5
2

N
-b-l-—-

Exercise 2.1

Using the remainder theorem, find the remainder when :

2x% — 13x + 10 is divided by x=3.. '

x* ~ 3x% + 5x — 9 is divided by x-2.

x® + dx? + 6x + 5 is divided by x+2.

X5 —x* = 1 is divided by x + 2.

9x2 + 6x ~ 10 is divided by 3x + 1.

33+ 5x% — 11x + 8 is divided by 3x = 1

6x> + 32 + 1 is divided by 2x — 3.

3(x + 4) — (1 —x)° is divided by x.

(2x—1)° +6 (3 + 4x) — 10 is divided by 2x + 1 .

The polynomial ® + ax?+ bx — 3 leaves a remamder of 27 when dwldcd by
x — 2 and a remainder of 3 when divided by x + 1 Calculate the remamder
when the polynomial is divided by x — 1.

The expression 6x° — 2x + 3 leaves a remamder of 3 when divided by x — p .
Determine the:values of p. TR ‘ ,

The expressions X° — 7x + 6 and x> -2~ 4x + 24 have the same remainder
when divided by X+ P Find the possxble values ofp..

- Given that the expression x> — ax’ +bx+e lea,ves the same remalnder when
divided by x+ 1 orx—2, find a in terms ofb

Given that the rerainder when X~ x +ax 1s d1v1ded by xta where a>0,is

_ twice the remamder when zt 1s d1v1ded by X — 2a, find the value of a. :
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£ =0,

iy

W
"

Solution (3) Let_f(x).,..;

15. | The remainder when ax> + bx +2x+3 is divided byx - - 1is tw:ce that when
it is divided by x + 1, show thatb = 3a + 3. .

16.  The remainder when xt 43t -2 +21 is divided by x + a is the square ~f the
remainder when »* -3 is. dmded by X+a, Calculate-the posmble values of a.

17.  The expression ax> ~x* +bx '~ | leaves the remainders of — 33 and 77 when
divided by x +2 and x - 3 respectxvely Find the values of a and b and the

remainder when divided by x -2.
2.3  The Factor Theorem

Theorem
Let f(x) be a polynomial. Theh (x ~ k) is a factor of f{x) if and only if

Proof:  Suppose that f(k) 0 CooLoIn :
By the remainder theorem f(k) is the remamder when f(x) is dmded by -

(x~ k). _ ‘ I SRR

So we have the remainder 0. e :

Thus f(x) is divisible by (x k) That is (x k) is:a factor of ﬂ’x)
. Conversely, suppose that (x k) s a factor of f(x). s
+  Thenf(x) = (x~ k) Q (x) for some polynormal Q(x).

K= (k-k)Qk) = 0.Qk) = 0.

polynomiafs.
. (@) 3x* +x g +3x-‘-2 | (b) x +2x(x 1) 4.
C3xt +x —x? +3x+2.
ff—.l) = DL
U= 3MFED=-1-3+2 =3 -1-i-3+2 = 0
P x+11safactoroff(x) ' i
(®) Letg(x) = x Cr2x(x-1)~4
g(-l) 1)° +2(—1)(-1 1)—4~1+z(—1)(-z) 4
-I+4 4=l S
So,g (-1 #, 0. e
x +1 1snota factor of g(x)

I[

n

'Example 1. Determine whether or not x +:1is a factor of the foTla‘wmg )




Example 2. Fmd what vaie p must have in order that (x p). may be a factor oi
- (3p+2)x -(p2-1)x+3

Solution _
Letf(x)e—-_4x —(3p+'2)x4 —(p - 1)x+3'
- (x-p)is a factor of f{x) only if f(p) =0
. Thatis, 4p-—(3p+2)p ~@*~1)p+3=0
or 2p ~p=3=0 .
o (p + 1) (2p 3) 0
——I or p= 3
DR P73
Example3. Find the factors of x* ~ 3x1 —4x + 12,

Solution ‘ . 7
- Let f(x) = x*-3x"—4x+12

. We shall try the integers which divides 12,

*pamely £ 1,42, 3, 24, 26,412,
f(1) = 1-3-4+._'.12 #0 - |
f-1)= (B -3(-12 4 12 = S[=3+44+12°%0
f2) = @ -3QF-4@+12° = 8-12-8+12=0
By the factor theorem, (x — 2) is a factor of 1\,{)

1t

The other factors can be found by actual division as- follows
X*—x-6 '
CE-2] X =3%5 —dx+ 12
D> S

X -ax
—xPH2x
'_:—6x+12
~-6x+12 TR
.f(x)—' (x 2)(x2 X - 6)-(x 2)(x 3)(x+2)
the factors are (x-—2), (x —3) and (x + 2)
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Example 4. Iftheequatlonsax +4x* - 5x ~ 10 =0 and ax’® - 9x-2= Ohavea

common root, then show that 2= 2 or 11.

Solqﬁon '

- .

S

Let ¢ be a common root of . '
P(x)=ax’+4x*~ 5x - 10= 0 and Qx)= ax’ —9x-2=0,
Then (x —c) is a factor of both P(x) and Q(x)
That is , P(c) =0 and Q(c) =0 - o
Thus,ac + 4¢? -5¢-10=0 '
aﬁd ac’-9¢-2=0
Subtracting, we get -
4c*+4c-8= 0
+c-2 =0
c+2)c-1)= 0
c+2=0 orc-1=0_:
. c =“—2 or c=1
Ifc=-2;thena (-2’ -9(-2)-2= 0"
—82+18-2=0
' a = 2
Ifc=1,thena(1’*-9(1)-2 = 0 .
a-9-2=9
a=11

Exercise 2.2

Show by means of the factor theorem that :
x - 4 is a factor of 2x* — 9% + 5x* - 3x — 4.

2x —1 is a factor of 2x° + x* + 5x — 3.

Find the factors of 3x° ~ 4x* — 3x + 4.

'Find the factors of 2x%~5x? # 4x1.

Find the factors of 2x° + x* < 13x +6. -
Find the factors of x* —14x> + 71x* -154x% +120. .
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7.
8.

9,
10.-

11.
12,
_13."
14.
- 18,

. 16.
17,

18.

19.

20.-
_ Show that x—2 \3 is also a factor and solve the eguation f (x) = 0.

Find the factors of x* - 9x” - 4x + 12.
"Solve the equations : /

(a) x*-8x2-31x-22=0
® 6xX+x*-19x+6=0

©) K-6x*+11x =6
@ K-’ -xP+16x=12

Find the vatue of p if 4x* — 12x* + 13x* —'8x + p is divisible by (2x — 1)

Find what value p must have in order that x+2 may be a factor of

2x™+3x’ +px —6. Find the other factors. _ :

If x* + 2x ~ 3 is a factor of fix) =x* + 2x 7x% + ax + b, find a and b, hence
factorize f{x) completely. : '

Find the value of p and q if 6x’ + 13x” + px + g is exactly divisible by
2x2+7x 4. Show also that (3x-4)is a factor of the given pélynomial

Prove that (x —1) is a factor of 2x* — 13x* + 23x -12, and ﬁnd the other
factors. Hence solve 2x° = 13x% +23x -12 = 0.

The polynomial ax® + bx? — 5x +2a is exactly divisible by x* ~ 3x - 4.
Calculate the value of a and b, and factorize the polynomial completely.

x> +ax® —x +band x* + bx* - 5x + 3a have a com_mon factor x + 2. Find a
and b.

The expression x} + ax® + bx +3 is exactly divisible by x + 3 but it leaves a
remainder of 91 when divided by X ~ 4 . What is the rem:inder when it is.
dividedby x+27 -

The expression px® - 5x% + gx + 10 has factor 2x — 1 but leaves a rénlaix;der of

‘—20' when divided by x + 2. Find the values of p and q and factorfize the

expression completely.

x + 2'is.a factor of f{x) =a(x — 1)*+ b(x ~1) + 9 The remamder when f(x] is
divided by x + 1 is —11. Find the value of aand b. -

Show that the expression x° + k- %%+ (k - T)x — 4 has a factor x +1 for all
values of k. If the expression also has a factor x + 2, find the value of k and
the third factor.

Given f(x)-x + px’ —2x+4~/— 3 has a factor X+'\/_ find the value of p.
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21.
22.

23,

Given that 2% -x - 1 is a factor of ax* —bx? + Sx+ 6, find the values of
a and b. L

" Given that kx"’ +2x%+2x+3 a.nd kx3 2x + 9 have a common factor, what

are the possnble values of k7 :
Given f{x) =2x" + ax —7:*x—62°, determme whethel or not x aandx+a

-ar\ e factors of f(x). Hence find, in terms of a, the roots of f (x) 0.

'SUMMARY- o

' The Remafnder Thcorem

Ifa polynomlal f(x) is d1v1dcd by (x -k) , the remamder is f(k)

Extens:on Ifa polynomlal f(x) is divided by (ax— b) the remamder is f( ).

The Factor ’I‘heorem
Let f(x) be a polynormal Then (x - k) isa factor of f(x) if and only if f(k) 0.

48 ©-




3.1

CHAPTER 3
The Binemiai Theorem

Binomial Expansion .
An expression of the from (x + y) raised to any power is called a
binomial.

34
For example, (x +y)", (x +y) ™, (x— y)  are binomials.
We will consider the case where the index is a positive integer.
By long multiplication, ;

x+y)! = x+y

x+y)’ = x'+2xy +y

(x+y) = £ +3xXy+3xyP+y -

(x+ y)4 =yt 4x3y " 6x2y1 + 4xy3 " y4 o
- (x+yy = x°+ 5&y + 1Y + 10 X%y + 5xyt + ¥

Notlce the following 1mportant features in the above expansious.

'When the power of the binomial is n, there'are n + 1 terms.

The sum of the powers of x and y in every term is equal to the power ‘of the
binomial.

When the terms -dre arranged as shown above, the powers of X are mn
descending order while the powers-of y are in ascending order.

When the powers are arranged in the order shown above, the coefficients fom
a pattern as shown below.

Binomial ' Coefficients

&) -1 1

(x+y) i 201

x+7y)’ 13 31
x+y)* I 46 4 1
x+y)* 15 10 10 5 1

Each coefficient of a line i is obtained by addmg—the two coefficients on either
side of it in the line above. : :

0 1 4 6. 4 1. 0
N / N7 N7 Ngp N
] 5 10 10 5 1
i ' .
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The above table of coefficients for binomial expansions is called Paseal's
Triangle, in honour of the great French mathematician, Blaise Pascal ( 1623
1662)
Example 1. Write down and snnphfy the expansmn of (a + 2b)°, chce find the
expansion of (a-— 2b)
Solution ‘ _ .
The binomial expansion of (a + ijs is- similar to that of (x + y)s.Thc
coefficients are obtained from Pascal's triangle while y is replaced by 2b
.andxbya o . '
(a+2b)° a® + 5a% (2b) + 102° (2b)* + 10a%(2b)* + 5a(2b)* + (2b)°
= a'+10a%+ 40a3b2 + 80a2b3 +80ab* +32b°
(a-2b)° = (a+(-2b))°
= a™+5a%(-2b) + 10a® (=2b)? + 10a%(-2b)° +5a( ~2b)* +( —2b)° -
= a’—10a%b +40a’b® - 80a’b’ + 80ab* — 32 1°

I

Example 2. Expand (32— %)4 and simplify.

-Solution 7 ) o
b 4 b ‘ '
3a- =) = |3a+|—— -
(3a- 4) [a ( 4)] | : .
= (38" 40 (-2 + 660 (-2 + 400 )+
4
- 81at—27a%+ 2L P bt
8 16 256
Example 3. Find, in ascending powers of X, the first three terms in.the expansion
of ' o ' ' : :
(1) +2%)° @6-%°
| Hence find the coefficient of x” in the expansion of (1 + 2x)° 3 -x)*.
-Solution | : |
1y (1+2x) = 1P+5(1)%2x)+10(1)° @x)° + ...
= 1+10x+40x*+ ...
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@ G-»' = B+
- | = 3%+403) (%) + 63 (%) + ...

= 81-108x+54x" + ... |
(1+20° 3-%)* = (1'+10x+40x*+ ...) (81 - 108x + 54x* —...)

coefficiént of * = 54+ 10(-108) +40(81) = 2214
Exercise 3.1

Expand the followings
O (+2x' () @x-y) (i) (a+2b)
G (5 @y Gxelyt e -2y

2 2 3 . X
Wiy -1y i) (B-2) ) Gy

y' 2 b . x
Find, in ascending powers of X, the first three terms of the expansion of
M A+ i)  G-x) |

Hence obtain the coefficient of x* in the expansion ( 3 + 5x - 2%

Find, in ascending powers of x, the first 3 terms of the expansions (1- 2x)* and
(2 +x%). Hence find the coefficient of x’ in the expansion of -
A-20*@+x).

Find, in ascending powers of x, the first three terms of the expansions of _

@ @ e

" Hence find the coefficient of x* in th_; expansion of a+ 2‘;:)4 (2 ——;- x)°.

K]

. Expand, in descending powers of X, itié* expansions of ( 2x * %)5 and

(2x -i')s. Hence, or otherwise (i) simplify ( g 4oL P (25— oy ¥
2x ‘ . . : 2% ORIy X |

(ii) find the coefficient of x? in the éxpansion ( 2x + EL Y. (2x - ZL ).
- . 2x X
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32  The Binomisl Theorem _

One defect of the Pascal Triangle is that the coefficient in any line
cannot be obtained unless those in the preceeding lines have been found. This defect
was overcome by Pascal when he expressed the coefficients as fractioc. ™hose
numerators and denominzors are formed by factors obeying a simple rule.

For example, the coeffici:nts of (x + y)* are 1, 4, 6, 4, 1 which can be expressed as
|4 43 432 4321

T 127 1237 1234
Similarly, the coefficients of (x + y)’ are
1,5,10,10,5,1  which can be expressed as
. 5. 54 543 54321
17 127 1237 12345
In general lf n is a positive 1nteger .

(xt 9y =x_b%x a(n - nnﬁg m-D0=2) s

SR ER G FE
+n(n-l)(n~2)—‘-—(n—r+1) n—-ryr+ ‘
. 123——-r
+ n(n—l)(n—2’)-——2x “"+y",
1.23—~——(n-1) _ oo

The cocﬂ'icwnt written in the above expansmn can be denoted by "C..
a-1) _.. nan-D(n-2) _,

Thus 1=°Co, n="C;, ——= =1C,, C
> T : 123 2
and lﬁn—ixn—a)—~e{n~§+u,=nch-
1.2.3-=-r
Thus the bmomlal expansmn can be expressed as.
x+y)' = "CGXY Gy 40 22t

iC, XV Y At "Ca xy" + “Cnxoy“
This is known as the Binomial Theorem. .
This theorem is true for all values of x and ywhennisa ﬁositive integer.
Note :The term "C,x“""y' Whlch is the (r+1 )“' term. in the expanswn is called the
general ferm. :
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Special Case, , ‘

< (1+x)" = 14 "Cix+"Co Pt o + "Cpy X X
Properties\of the binomial coefficients '
Consider the expansion of {x +y)", wheren is a positive integer .
(1)  The binomial coefficients are all integers .

(2) The coefficients of terms equidistant from the beginning and end of the
expansion ' '

are equal . i.e. "Cy="C,=1"C;="C,; = D, "C.="C,_,
We will prove that "C, ="C,_,
n{n—-Dn-2)..(n—r+1).

Proof: LI 1-2:3 1
: Cong,, no-D(n-2)-(a-(-1+)
' 1-2:3---(n-r1)
_ p(@=D-(@-r+) 1-2:3-(n-1)
1-2-3--r n(n—1}---(r+1)
_12:3-@-d@-r+h-(@-hn _1-2:3-n
1.2 32+ —(@-hn .  1-2-3--n
=1 ’
~0C ="C
. "’CS=1°C2=10X9=45
2
15, =150, S LSXHXI3 _ 4o
1x2x3

Example 1. Find in ascending powers of %, the first three terms in the expansion of
O 2 @ @-o ¥
Hence find the coe_ﬁicieht.of x* in the expansion of

(1420 @~ 2 %

1+5C; (2x) +°Cy %) + - - -
1+ 10x +40%% + - - -

Solution (i) (1 +2x)°



() -1 0 = CE+ TR @ 0

. 64—96x + 60%% +- - -

i

1 +2x)° (27% x)} = (1+10x-'I-40x2+---)(64—96x+60x2+-‘-.)

coefficient of X* = 60+ 10 (-96) + 40(64) = 1660

Example 2. In the binomial expansion of (3 + kx)’, the coefficient of x* and of x*
are eal, Calculate the value of k.
Solution r+D%em = °C 3"k = °C 3K
To get coefficient of x’ and x*, putr =3 and 4 respectlvely
coefficient of x* = °C; 3%’
coefficient of x* = °C, 3°%*

9C3 36k3 — 9(:4 35k4
_ 9C 36 . ,
9. . 5 = 2
. C,3
Example3. Find the term in x* and the term independent of x in the expansion of
(xr 2)
Solution  (r+ D%term = *C, f‘”(%)f = ¢, x¥*¥
To find the term in x*, put 20-2r = 4
r=8
<. the term in x* is the (8 + 1)™ term.
i.e. 9™ term.
The 9" term - = PCex* = 125970x°
To get the term mdepcndent of x,put20-2r=0
: : r= 10 s
-, the term independent of x is the (10 + 1) tenn o
ie. e term. '

The 11%term = 20Clo = 134755‘ . .
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10.
11.

12.

13.

Exercise 3.2

Find and simplify the coefficient of x’ in the expansion of (x* + z)g .
P

Find the term independent of x in the expansion of (x* + -2-)6.

If the coefficient of x* in the expanswn of (3 +2x)° is equal to the coefficient

of x* in expansion of (k + 3x)°, ﬁnd k.

Find the coefficient of x ™ m the cxpanston (2 —;——)

Find the coefficients of x* and X’ in the expansmn of (1- 3x) (1 +2x).
Find the term mdependcnt of x in the expansion of (-;— -x)°.

If the coefficients of x* and x> in the expansion of (3 -+ 1%)' are equal, find
the value of k. :

Find the coefficient of x® in the expansion of (2) 2 +x)*  (®) (x - é—)“ .
P

~ In the expansion of . &+ — ) az0, the coefficient of X is four times the

coefficient of x'°. Find the value of a.
Given that the coefficient of x> in the expansion of {a + x)5 +(1-2x)¢is

~120, calculate the p0531b1e values of a.

The coefficient of x* in the expanston to (2x + k)’ is equal to the coefficient of
x° in the expansmn of (2 +kx)®. Find k.

If the 2‘“‘ and the 3% term in (a+ b) are in the same ratio as the 3™ and 4™ in

(a + b) then findn .
Evaluate the coeﬂictents of x° and x* in the binomial expansxon of (——3)

Hence evaluate the coefficient of x° in the expansion of

-9 x+6).

R
A
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14.

15.
16.

17.

18..

19,

20.

21.

. The Binomial Th,eorem' |

In the binomial expansion of (l+—)"I the 3™ term is twice the 4" term’.

Calculatc the value ofn.

In the expansion of (2 + 3x ) , , the coefficient of x’ .nd x* are in the ratio
8 : 15 Find the value of n . .

Given that the coefficient of x* in the expansion of (4( +ko) 2 - x) is zero ,
find the values of k. :

Given that the coefficient of x? in the expansion of (l a:l:)ts 18 60 and that

a>{0, find the value of a.
leen that the coefficients of x* and x° in the expansion. of (3 + x)20 are a and

brespectwely,_evaluate 5 . - S ‘

-

Prove that the coefficient of x" in the expansion of (1 ‘+.‘x)2n is double the

. n. o, 2n -1
coefficient of X" in the expansion of (1 +x )™~ .

3 /o,
Write down the third and fourth terms in the expansion of (a +bx)" If these
terms are equal, show that3a=(n-2)bx. -
The first-three terms in the binomial expansion of (a + b)n » in ascending

2
powers of b, are denoted by p qandr respectlvely Show that 1-==0 2nl :
pr n-

SUMMARY o

. -2} .
(x+y)° = xn+ T (;12 I) n—2 2+ n(n 11;(;1 ) x_3y3+ ..
n(n D(n—=2).(a—r+1) XY+
1.2.3..r o
n(n —1)(n - 2) j
- 1.23..(a- Xy +},n

The(r +1) ® term is "C, x™™ v, where ”Cr - ‘n(n -—..1)(?; ; 23)...@ —-r+ 1)
. ks ...'r_ : :

CPC,="C,_,
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CHAPTER 4
Inequations
4.1 Quadratic Functisns
The expression f(x) = ax’ + bx + ¢ where a # 0 is called 4 gquadvane
function.
When the graph of the function y = ax? + bx + ¢ is drawn, two types of graphs
are obtained depending on the value of a . These graphs are called parabolas.
{see Fi 1g. 4.1)

AV

(a)a>0 Figd4.l bya<o.

. A and B are called the vertex of the parabola. The graph is symmetrical about
" the line paraliel to the Y— axis and passing through the vertex.

42  Quadratic Inequatmns

The open sentences ax> +bx +¢ > {) and ax® + bx + ¢ <0 where a # 0 are
quadratic inequations in X.

The solution set of the quadratic inequations in ¥ can be found by

(1) ~ Algebraic method )

(2)  Graphical method

Example. Find the solution set of the inequatioﬁ (x~2)(x+3) 20.
Solution

Method 1

We treat the function as the product of two terms x — 2 and x -+ 3. Fer the
function to be positive or zero, there are two possibilities :



() x-220  andx+320
" or | R
(b). x-2<0 . andx+3 <0 oo -
(@ x-220  andx +320 < - ﬁ —>
o x22 x 23 3 -
| T Fig. 4.2

Referrmg to F1g4 2 ,we see that all points to the nght of 2 , including the

point 2, will satisfy both conditions, i.e. x = 2.
(b)) x-2 £ 0and x+3<0 <

-3 -2
Figi4.3

_ <
X £2 and - x<-3 ; a

-

Referring to Fig.4.3 , we see that all pomts to the left of -3 mciud‘na the point -3 ,
Satlbfy both condltzons, ie.x<£-3.
. the solution setis {x] x <.— 3 0rx2 2}
Instead of draw:ng a number lme to find the solution set, we can either draw a
table as follows. :
First we ﬁnd th¥ points where the curve cuts the X-axis and determine the signs ofy
on the intervals by the x-intercepts points.

y=(x-2)x +3)
Wheny 0(x 2)(x+3)=0
“x=2 or —3

Determme the signs of y on the intervals by the points x=2andx=-3,
as shown in the Table 4.1. '
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. x<-3 | x=-3 |-3<x<2| x=2 | x>2
a Xx-2 - - - 0 +
X+3 - 0 + + +

y =(x — 2)(x + 3) T o | = 0 +

| - “Table 4.1




From the last row of table, we see that al! points to the right of 2, including the
pomt 2, will satisfy condition y>0 (ie. x 2 2)and all points to the left of -
including the point ‘=3, satisfy conditicn y >0,( i.e. x £ -3).

. the solution setis {x|x £ -3 or x 2 2 }.

Method 2

First sketch the curve y = (x — 2 ) ( x4 3).
To sketch the quadratic curve, we only need to know
(i) the shape of the curve
(i)  the pmnt(s) where it cuts the Y-axis, i.e. when x =0

"(iii)  the points where the curve cuts the X-axis. This is given by the roots

of the equation v =10, :

Let y=(x-2)(x +3).

“Whenx=0, .y=;.--6.-, | ' | Ya

o - the curve cuts the Y-axisat (0,-6). ' \ . __f"
Wheny=0,(x~-2)(x+3)=0 RS RN -
x-2=0 or x+3=0 | '3\' 0_ /
LX=2 or -;3 ' v
the curve cuts theX axis at (2 0) and \ / _
(-3,0). SN higas

The graph of y = (x — 2) (x + 2) is as shown in Fig.4. 4

We want y = 0, i.e. the values of x for which the = curve is above or on the

X — axis. :

theso_lutionsetis{xlxs‘—3 orx.22} . .

Example 2.  Use a graphical method, 'td find the quy_itidﬁ set of the inequation
12-5x-2x* > 0and il.lustrate‘it.tgn tﬁg nu;nb@r line. .
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Solutien Co -
‘ Lety=12 - 5x - 2x%
Whenx =0,y =12
=~ the graph cuts the Y-axis at (0,12),
Wheny=0,12-5x-2x* =0.
‘ (4+x)(3-2x)=0

x=-4 or s -

~the giraph cuts the X — #iis at (—4,0), (% . 0).
The gruoh of y = 12 — 5x — 2x? is as shown in Fig.d.5.

The: solutionsetis {%1-4 < x < % }, and its graph is as shown in Fig.4.~

-

” s 3
™~ ; -

jw &

Fig.4.6

Example 3. Find the'solution set of the inequation 3x* < x* < x + = by algebraic

‘_ . methed and illustrate it on the number line. ‘

Sclution : : '
It <xP-x33
24— 3 <0 .
{2x - 3)(\—1 )<0

For ( 2x +3 ){x~-i)tobe negative there are two pﬂsmbxhhes
@ 2x -*3<0 andx—l =0 e
B
K3 ¥ madx-i< 0; L
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(@ 2x+3<0andx>1

x < —% and X > 1,_,_.-'/

< o o >
: & -3
3 !
‘2 Figad
Referring to Fig.4.7 , no points satisfy both conditions.
(b) 2x+3>0 and x-1<0
x>—3 and x<1
2
o ey
< —0 .
< i i >
_3 I
2 ‘

Fig.4.8 |

; H . . D . 3 ’
Refertiig; to Fig4.8 , we see that all points between --?2— and 1 excluding Y and 1
satisfy bothiconditions , .i.e. -—-;- <x<l.

- the solution set is {x] -g— <x<1}andits graph is as shown in Fig.4.9. |

P
<

G >
i -

leﬁ

 Figds$

| : Exercise 4.1 '
1. % (a) ‘Ify (}-irx)(Sr x) wnted0w11themotsof(1+x)(3 x) 0
'  and also the value of y when x=10. .

'(.b) ‘ Henceskeﬁchﬂiegmﬂkﬂ»f},«-(l-l L)(S x)anuuseitmﬁndthe
sofution set of (i) (1+x)(3 -x) 20 .

@ (1+x)(3-x) <0
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If y = x*~ 4x, find x when y =0, and also find y when x =2 Use a sketch’
graph to obtain the solution set of (@) x*-4x>0 (b) x* - 4x < 0.
(@  Solve the equation x* —x — 6 = 0. -
(b} . Use a graphical method to find the solution set of (i) X* —x — 6 < 0
| S | (i) X —x— 6> 0.
Find the solution set of each of the following inéquations and illustrate it on
the number line (@ (x=4)(x+7) <0
() (3-4x)(4-3x)>0
) 122210-7x
(d x*+2<3x. :
€ (x-2)(5x—4)+1>0
o (3x-_—5)2-2i— 20
(g 2+3x>5x% ..
(h)  (2x+1)(3x-1)<14
Wy x*+9>0
[6) ;‘;;?+4_<0. |
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(1)

2)

'SUMMARY

The graph of the funetion y=ax‘+tbx+c,a # 0 is as follows:

To find the solution set of the quadratic inequations ax’+bx+¢< 0 and
ax’+bx+c¢>0, '

(i) lety=ax>+bx+c

(i)  find the points of intersection of the grapht wun the X-axis and Y-axis
(iii)  draw the graph, and write down the solution sets.
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CHAPTER 5
Sequences and Series

The word sequence is commonly used in ordinary lang:age. For example , we
may talk about a sequence of 3Ul‘_}eCtS that is scheduled for the final examination .
What characterizes *the sequence is the notion of one event following another in a
definite ordet. There is a first subject, a second subject, a t‘nrd subject, and so on. We

might even give them labels.

E;
E;
Es
Eq

Es

= Myanmar

= English

= Mathematics -
= Physics
= Chemistry

‘=" Biolegy

We use a similar notation for number sequences. -

5.1  Sequences
The list of numbers shown below follows a pattern

1,4,9,16,25,36,49

Each number in the list is called a term.
Thus, the firstterma =1

the second term = 4
the third term =9
the fourth term = 16
the fifth term =25
the sixth term =36
the seventh term = 49

The seventh term is the last term of the list. We can find a rule for some

patterns.
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‘o find such a rule, we use to pair the terms with the corresponding natural numbers
s follows:

T2 3 4 5 6 7 <—— natural numbers

1 4 9 16 25 36 49 <———-— terms

Tom the above correspondence, we see that each, term is the square of ‘the
orresponding natural number with which it is paired.

‘his pairing can be written as a set of ordered pairs as follows.

1D, (2,4), (3,9) ,(4,16) , (5,25), (6,36) , (7,49) or {(n,nz)} :

there n € A = {1,2,3,4,5,6,7}. For each ne A, n® is unique. Thus, if we take A as
omain and the set R of real numbers as co-domain, we can define a function f from
.toRbyf(n)=n%ne A. :

ince £ (A) = { 1,4,9,16,25,36,49 }, the range of f is the set whose elements are the
rms of the given list of numbers.

This function is called a sequence. The domain A of the function is a finite
2t. Such a function is called a finite sequence.

he following are some examples of finite sequences
(@) 4,8,12,16,20.

(b) | ;—’—’—.,—,—’—.

¢y 2,1, ~,~,-39,25.
© 4 7

"the domain of the function is an infinite set, then such function is called an infinite
quence.

he following are some examples. of infinite sequences.
@ 3,3%,3,..3, ..
. {e) 2,4,6,8,..., 2n, ..,
O  -LL-L., (-1,
'f is the corresponding function for sequence (a) ,then £ A — R, where .
={1,2,3,4,5} andlsdeﬁnedbyf(n) 4n,ne A

65 -



If g is the corresponding function for sequence (b),then g :B— R, where
B={1,2,3,4,5,6} and is defined by g (n) = ——I_:—_—]- n e B
n

If h is the corresponding function for sequence {c) , then h : C —= R, when
CE{1.2 3,4, 56, 7, 8 and is defined by h(}} = -2 , h(2) =1, h(3)= %

wn-l,m$=4;m&=9,mn=g,m&=a

Notice that there is no general rule for sequence (c) as in sequences (a) and (b).
If f represents a function for sequence (d), then f: N — R defined by f(n} = 3"
ne N, where N is the set of natural numbers. '
If g represents a function for sequence (e) , then g: N — R given by g(n) = 2n,

ne N.
If h represents a function for sequence (f), then h: N —» R defined by h(n) = (=1)",

neN.

Notice that the domain of the function corresponding to a finite sequence is the se
of a part of the natural numbers, whereas the domain of the function corresponding tc
an irfinite sequence is the set of all natural numbers. Thus we can define a sequence
as follows. |

Definition ¥

A sequence is a functxon whose domam is either the set of all or part of the
natural numbers. The values of the function are called the terms of the sequence
‘The value of the function corresponding to the number n of the domain is called the
n th term or the general term of the sequence.
For these special functions called sequences, it is customary to write u, instead ol
u(n) for the value of the function correspondmg to the natural number n. We list the

values in order as  u,, u,,u,,---, Uy ===~
Example 1.  Fiud the first four terms of the sequence whose general term

u,=n-+3.
Seolution :
’ Uy=n+3
u =1+3=4
u, =2+3=5
u,=3+3=6
u,=4+3=7
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[ence, the first four terms are 4,56,7. .

From the above example, it is clear that a sequence can be completely
etermined if the general term of a sequence is known. Conversely , if the terms of a
2quence follow a certain pattern and if a sufficient. number of terms is known, the
eneral term of the sequence can be determined. Consider the following sequences.

. O O
1 Lt I R IR

® 234

(i) 2,4,6,8,...

(i) 4,12, 36, 108, ...

9 g b

L]
-

“he sequence (i) may be rewritten as %,—;—,

' 1
.. the general term is —.
T

the séqucnce (ii) may be rewritten as 2x1,2%2,2x3,2%4,...

-. the general term is 2n. | '
rhe sequence (i) may be rewritten as 4x3°,4x 3! 4x34x3°, ...
. the general term is 4x3"". .

A sequence may also be described by the rule of formation be ng defined
ecursively using one or more of the earlier term of the sequence.

Exampde 2. Find the sequence whose first term is'l and u, =2u,.

Solution u, =1
:‘ un =2 Upe
u, =2u;=2

u, =2u, =4
‘u,=2u,; =8 andsoon.

. the required sequence is 1, 2, 4, 8, ...

52  Series ‘ , .
A serdes is the indicated sum of the terms in a sequence. That is, associated

with any sequence U, U,, Uy, ooy Ugy e
u,tu, tuy L tu is called a series.

For example, given a finite sequence 4,7,10, ..., 3n+ 1, we may forma series
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4+ 7+ 10+ ...+(3n+ 1).
- : Exercise 5.1
L. Find the first four terms of'the sequences given by the rule of formahon
-(a)‘l u,=3n - (b) u =n*"
(¢ w,=n+1 (d) u,=n(n+1)

n , n
(¢) u,=2 | (f) R
2. Write down the next two terms of each of the following sequences anc
determine the n™ term of each sequernce.
(i) 2,4,8,16, - (i) 1,4;9,16, -
()  3,6,9, 12— (iv)  3,8,13,18, -
™) V2,V63V236,— (vi) -2,2,-2,2,
3. In each case below an initial term and a recursion formula are given. Find u,.
(i) u, =2, u, =u_+5
(i) u, =3, u, =4u_
(i) w, =1, » =u,+t9(m+1)
V) v, =3 u, =2u +3 | | .
4. (2)  Write down'the first four terms of the seqﬁence defined by u_=4n-3.
(bj Which term of the sequence 151897 o
5. (a) Write down the first four terms cfthe sequence defined by
u, =n’+1.
(b}  Which term of the sequence is 122 ?
6. - A culture of bacteria doubles in number every hour. If there were ongmally

ten bacteria in the culture, how many will there be after two hours ? Four
hours 7 n hours ?

53  Arithmetic Progression (A.P.)
o An arithmetic progression is a sequence in which the difference between
two consecutive terms like the nth and (n+1) th term is a constant. This
‘constant is called the commeon difference of the progression. :
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The following sequer <us are some examples of arithmetic progressions.
» 3,6,9,12 15,

. 5 2
I, o |
(11) '3

11

2’37

2,21,---
2

I 1
11 -, 1,1—,
@ 5113
The common difference in (i) is 3, in (ii) is —% . and in (i) is %
The common difference is denoted by d,
Since u_,,— u =d,ne N,ifwe denoted u, by a, ihen
u2=a‘+d, u,=a+2d, u,=a+3dand so on.
Thus, the general or standard form of an arithmetic progression is
a,a+td,a+2d, a+3d, ... ‘
In general, the n th term of an A, P. is given by
w=at+(@-1)d
Example 1. Find the 25 th term of the following arithmetic progressions:
. . 5211
i 3,6,9,12, ... ii I, ===, ..
@ (in) $3°2°3
Solution . _
M 3,6,9,12, ..
a=3,d=3
u,, =a+24d =3+72
.. the 25 th term is 75.

I

75

 u, =a+24d =1-4 = -3
~the 25 thterm is — 3.
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Example 2.

Solution

Example 3.

Solution

The fifth term of an arithmetic progression is 10 while the 15 th term is
40. Write down the first 5 terms of the A.P.

u,=10," u,,= 40.
Since u;=a+4d, u,= a+14d,
at+t4d =10
a+14d = 40
Solving these two equations , we get d=3,a=-2.
. the first five terms of the A.P. are -2, 1, 4, 7, 10.
Which term of the A.P. 6, 13, 20,27, ... is 111 7
Let 111 be the n th term of the A.P.
a=6, d=7 u, =1L
Butu =a+(n-1)d
a+(n-1d =111
6+m-1)7 =1l1
7o =112
n =16
- 111 is the 16 th term of the A.P.

Exercise 5.2

1. In each of the folloWing AP find

the common difference
the 10 th term '

the n th term. : _
(i) ]:_3! 53 79 - (ii) 10, 9., 8, 7, =,
i) 1 2% 4,5 % C Gv) 20,18, 16, 14,
- 11 3 1
25,220, 15, —10,--- A1 3 1
) M) 3T

The fifth and tenth terms of an. A.P. are 8 and —7 respectively. Find the 100th

and 500th terins of the A.P.

The sixth term of an A.P. is 32 while the 10 th term is 48. Fmd the common

difference a:d the 21 st term.

(a)
(b)
().

2.

3.

4.

If 5, a, b, 71 are consecutive terms of an AP, find the value of a and of b.
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5. The four angles of a quadrilateral are in A.P. Given that the value of the
largest angle is three times the value of the smallest angle, find the valtes of
all four angles.

6.  If u;=6and u,=-52'in 20 AP, find the common difference .
7. Inan AP., u;=3 and u,=39.Find

(@)  the first five terms of the A.P.
(b) the 20 th term of the A.P.
8. If the n th term of_an AP 273 -;-’;-', 5% , - is equal to the n th term of an A.P.

187,184 L 181 & , —, find n.
4 2

Arithmetic Mean (A.M.) .
In a finite arithmetic progression , the terms between the first tean and ne last‘

term are called the arithmetic means.

For example, in the arithmetic progression 1, 5, 9, 13, the arithmetic means are 5.9.

By definition , the arithmetic mean (A.M.) of two numbers a and b is given by

AM, =  atb
2
Example 4. Insert three A.M. between 7 and —5.
Solution '

Let x,,x,,x; be three AM. between 7 and —5
=~ by definition, 7, x,, X,,X,, ~5 is an A.P., with

a=1, u,=-5
But : u,=a+4d
. at4d ==5
" 7+4d =-5
d=-3

=4,%=1, x,=-2
- the three A M. are 4, 1, —2.
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Sum of the first n terms of an arithmetic progression _
Leta,a+d,a+2d,a+3d,...,a+(n—1)d,... be the given AP,
Let S, denote the sum of the first o terms of the A.P. |
S,=a+(@+d)+(@+2d)+—+ {a+@~2)d} + a+(n—1d)
If £ denotes the last term (i.e.n th term), then

Se=a+(at+d)+(a+2d)+—+ (8 -2d)+(0~d)+ S}
Writing the A.P. in the reverse order , we have _ .
Se=f+(l-d)+{{~2d)+--+@+2d)+(a+d)+a mmmmen (2)
Adding equations (1) and (2) , we have -
25, =@+ ) +t@+ Lt @HL) -t (at )@t L)+ (a+s)
— v
-
Vs 1 times
=na+?l)
Sy = —rz-l-(a+£) | - C3)

Substitute £ =a +(n - 1)d in'equation (3). we have
Sn.= % {ata+(n—1)d}

o Sy= -‘23 {2a+(@-1)d) . (4)
Both fdnnulae (3) and (4) are useful. We pormally use (3) when the number
of terms n, the first term a and the last term ¢ of an A.P. are given. Formula (4) is
used when the number of terms n, the first term a and the common difference d of an

A.P. are given. Since S and S__, denotes the sum to first o terms and the sum-to. first
n— 1 terms respectively, we have
un = Sn - Sn‘]

Example 5. In an arithmetic progression 44, 40, 36, ---

(a).  find the sum to first 12 terms: |
- (b) . find the sum from 13 th term:to 25 th term. =
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Solution

{ 2a + (n 1)d}
(2048) + (12— 1)(~4)} = 264

(b}  LetSbethe required sum
Then, S =85,-5,
S,, = 325— {2(48)+(25-1 X 4)} =- 100

$ =- 100264 =-364.

Example 6. The sum of the first 8 terms of an A.P. is 56 and the sur of the first 20
terms is 260 . Find the first term and the common difference of the

AP:
Solution
S, —;—{2a+(n~1)d}
- 8
S, =-{2+(- 1))
- 56 =4 (2a+ 7d).
2a+7d = 14 (0
s, = 270" { 22+ (20— I)d} |

260 =10 Qa+ 19d)
2a+ 19d:=26. ' @
Solving equations (1) and (2) , we get
1

d=1,  a=3=.
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Example 7 How many terms of the arithmetic progression 9, 7, 5, «-- add up to 24 ?

Solution ) ‘ .
Let n be the number of terms.

a=9, d=-2, s,,=24

s =1 {2a+(n—1)d}

|D MH:"

24 {18+(n 1)(—2)}

n’*"-lpn+24=u
(n—6)(n—4)=0
"~ (or) 4

Example 8. The sum of the first n terms of thc A.P.13, 16 -;— 20 -~ is the same as

the sum of the first n terms- of the A. P 37,11, -, Calcu]ate n.

Solution
For the A.P. 13, 15%, 20, -
5 1
a=13, d=3—.
2 .
5, =%{Za+(n—1)d} = %{26+(n—1)—;-}
Forthe AP.3,7,11, -
a=3, d=4
n L
Sn .=_2-{6+(‘n-1)4}
Now E'[26+(x'1—1)z} = 2 {6+@m-1)4}
2 | 2 3 2 f
26-6 = (n_l)_(4__;.)
20 = (n_l)l
U 2
n = 4]
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Example 9. The sum to n terms of an A.P. is 21. The common dnfference is 4 and
| the sum to 2n terms is 78. Find the first term.

Solution :
d=4, Sp = 21. Swm=78
S, =5 {(2+@-1d}
21 52‘»{2a+(n-1)4} - )
S, —-2——{2a+(2n—l)d} o
78 =n{2a+Q@u-14} @)
From equation (1)

42 =n{2-la-1)4)
From equation {4} o : .
78 =n{2a+{n-1)4+4n}

=n{2a+(n-1)4} +4n* = 42 +40’
4n = 36 I
= 9
n = 3

Substituting n =3 in equation (1), we get
21 =% {2a+8) = 3(a+4)
at4 =7
a =3
Examaple 10 A semicircle is divided into n sectors such that the angles of the
sectors form an arithmetic progression. If the smaller angle is 5%and
the largest angte is 2.5°, calculate n.
Solution | .
' a=15,£=25°,8 =180°"

. n . L
S == {a+e}
AL
180 =-‘21{5+25}
I5n =180
n =172,
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10.
1 1 ”.
12:
13.
14,
15.

16.

. 17.

" Exercise 5.3:
Fing: the sum: of each of thfa following arithmetie: progmssmns
@  —=4,-5,—6, ~tol8teims ‘
) 3,813, to 9 tems
() a—b,a—2h, a~3b, -~ to20terms
(d) .35, -~ to2) terms.
The. third and: sixth terms of an, AP are. 13 and 22 respectively-, find the sum
of the first n terms; i terms: of .
Find; the sum of alli multiples. of 7 beﬁween 400; and: 500
Find: the: sum. of all odd numbers; between. 70: and: £50.
Find: the surn of alli two — digit natural numbers; which: are divisible by,
How: many. terms; of an: A P: 5, 7,9, - give asumof 1927 . ‘

- How: many. terms; of an: A. P 24, 20; 16, --- give a sum of 0 '? ‘ )

The: sixth: texm: of an 4. Bz, is; 22 and: the: [0th. term. 1s 34 Find; the: sun to first

16.terms. of the, A.B:.

The: sum: of four- consecutive: n,umbers i an: AP 15 28 The: product: of the.

second: and: third! numbers exceeds; that of the ﬁrst and: last by, 18. Find! the

pumbers.

The: fourth, term. of an; A.P:. is: I andithie sum: of the first 8 terms is:24: Find: the
sum; of the: first: three texms: of the:progression .

In:an; A.P: whose; first: terms:is.— 27, the; tenth: term is. equal to the: sum of the *
first 9;texms.. Caleulate:the: common; dlfference

If m is a positive integer, -show that the sum of the: A.P.-
2me1,2mk 3 2met 5, . ,4‘mu-.12 ig:divisible 5y, 3., o

 Fora: certaln.A P S, == (311 - 17) Calt:ulate Sla,Sz, S Hence: find:the

first 4:terms.of the; correspondmg sequence and'a: formla. for the n th:term.

How: many- bricks. are- thiere if; 2 pile: one brick in: thickness:1f there: are: 27
bricks:i A -the bottonrrow; 25:ifrthe:secondirow,etc and I in: the.top row.

Ifithere-are 256 bricks:in a pile-arranged-in thie. manner as i problem’14', How
many, bricks are there ifvthe 3'rd'row. from the-bottom:of the:pile ?

The: sum. of the:first 4 terms of an: A P is: 26 and’ the sum of theu' squares is
214 Find the first:4:terms. :

Insert three anthmetlc means: betWeen =5 and 19
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18.  Findthe A M. betwee:
(a) —3and 3.
®) 2-+2 and2 +42
() log3 and log, i2.
5.4 Geometrlc Progressxon (G.P.) ,

s

A geometrlc progression is a sequence in vyh1ch the ratio of each term to' the
one before it, is constant . The ratio is called the common ratio and is deneted by r.
Some examples of geometric progressions.are a

G 3,6,12,24,48, —
Gi)  2,-4,8,-16, 32,

LIt
) 2,1, ——=,=
) 274 '8’ _
‘'The common ratio. for (i)is 2, for (ii) is.—2.,  and: for (m) is % '

Generalrterm of a geometric. pmgress:on
' - Hwe denote the first. termy .of a geometrw progressmn is. denoted by a, then

w=a Wl R M
1= 3 - == Fmer= ==
ul u?. u'3 un—!
Thus, . u, = w,r =ar
u, T Uk =
U, = ugr -ar3 . and.so:omn.

So, the general (or)ﬁStandh:cd:fonnfc')ﬁ a g_eometric. pro gneesione-is
a, ar, ar? Aar, —-

and the. generaliterm: (or) the n:th term is: glven by

=1

—ar

Example 1.  The fourthterm. of a'G.P: is-9-and the ninth term:is 218’7 Find'the first
-4'terms of the G.P.
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Solutio.n

u, =9° , u, = 2187.
Since u, = ar® and u,.=ar8,_ ‘
a’ =9 e (1
ar® = 2187
ar 2187
a9
r =243
r =3
Substituting r =3 in equation (1),
a(3y’=9
a =1
3

. The first 4 terms of the G.P . are % , 1,3,9

Example 2. The fourth term of a G.P exceeds the third by % and the third term

exceeds the second term by ?}2— . Find the first term and the_éixth term

‘ of the G.P.
Solution
u, —u, = i
4 3 44 .
1
u, —u, = £
3 3 1
Thus, ar —art = — ~ and ar‘f—ar= —
. 44 ' 22
3
af—ar) = — e 1
1{ | ) il () |
I 3
I' —— = —
(22 ) 44
3
r = —_—
2 -
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_arz...._...
22
3. 3 | .
a........ — — t—
(2).a(2) 22
3 1
—a = —
4 22 -
2
a = —
33 .
s o= 23y o 81
s a 33 (2) 176

Example3. Three consecutive terms of a G.P. are 3* L9t and 243 . Find the
valué of x. If 243 is the fifth term of the G.P., find the seventh term.

Solution
3%71. 9% 243 is a G.P.
9% 243
. 32x-l - 9x
323 . 35
321-1 = 32:
-1 g5
3 = 35—2:(
5-2x = 1
X =2
art = 243
X 2
But r = i_l =-23- =_§—l- =3
3 3 27

u, =a’ =a'.’ =243(3)] =2187

Geometric Mean G.M.

In a finite geometric progression, the terms between the first term and the last term is
called the geometric means. '



- For examplc in the geometric progression ,3, 6, 12, 24 the geometric means are 6 and
12,

Exercise 5.4
1. Find (a) the common ratio, (b) the 10th: term and'(c). the. nth term of each of
the following G.P.
. 1
(B 4,21, 5
(i) ~2,4,~8,16,...
(i) 5, 20,.80,320, ..

(iV) LT T T T ST

")

2. If 3, x, y, Z, w and 3072 are consecutive terms.of a G.P., ﬁnd the: valucs of x,
-y, zand w.

3. The second term.of a G.P. is 64 and the fifth- term is 27, Find the. first 6 terms.
of the G.P.

4. Find the 10 th term of the G.P.2°, a'b, a’b*, a’b’,

20.
Which term of the G P.is — b o
a

5. The 4% term of a G P. is 3 and the sixth: term is 147. Find the. first 3 terms of
the two. possible geometric progressions.
6. The product of the first 3 terms; of a G. P. is I and the product of the third,

fourth and fifth terms is. 1.1 g Find the fifth term.of the G.P.

7. Find two- di,ffcr_qnt, values of x, so that »—»%,, X, — %ﬁwi-lli be a.G.P..

2 4 e
.:'7:-:-3- ISJ_

9. . Ifab, e disaGP. show:thet a% - b? , b’ c?, ¢ -—-dilsaisoaGP

8. Find which term of the. G.P; %

“wip
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10.  Ifa,b,c,disaG.P.,show that
| . B+c’ ate
(i)
_ c+d b+d
Q) (a+d)bto)- (a+c)(b+d) ®-c)F
1L -Ifa,b cisan A.P. and x, Y,zisaG.P. show that x>~ ¢y* 22> P =1,

12. - Ina G.P. the product of three consecutive terms is 512. When 8 is added ‘to
the fitst term and 6 to the second, then the terms form an A.P. Find the terms
of a G.P.

Sum of a geometrxc progression

Let S, denote the sum of the ﬁrst 1 terms of the G.P. a, ar, ar , ..., ar" "~ 1.
where a is the ﬂrst term and r is the common rtatic such that'r. # 1 '

Sa=d-+ar+a’+.. +ar™ it (]
When equatlon (1) is multlphed throughout by r, we have ' '
1S, = ar +ar2 +... tar ! +art. ' mmmmim e (2)
By subtracting equation (2) from equation (1), |
Sp—18, =a—ar |
Su(l-r) =a(l-r%)

Sp = -ty ro#l
Ty .
If r=1,then, Sp=a+ata+t...+a
ntimes
4 Sq =na

‘Example 4 Find the sum of the flrstBtcrms of the G.P. 3,2, g-,-g, e

Solutior
a=3, .r=-?i, n=8
5. = a(l-1")
. l-r
2.
-G S
Sg =5 T 8.65 \correct.to 3 significant figures)
. | 2 _ : | .
3
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Example 5.

Solution

Given that X+ 1, x + 5 and 2x + 4 are three positive consecutlve terms

of a geometric progression calculate

(i) the value of x

(ii)  the sum of the first 15 terms of the progression if X + 1 is the
third term of the progrcssmn giving your answer correct to |
decimal place.

(1) x+1,x+5,2x-+’4isaG.P;

_X+5 - 2x+4
x+1 - X+5
x+57 = x+1)(2x+4)
XX+10x+25 = 2x>+6x+4
x*-4x-21 = 0
xX-N(x+3)- = 0 _ _
x=7 or-3 . :
Since the 3 terms of a G.P. arc positive , x = -3 is not applicable
sx=7
x+1 8 2
a¥ = x+1
a2y= 7+
a = gx_‘l = 2
9 9
s, = a(l-r")
I-r
32 3
3—(1-(—)”)
S, = ...__l.___
15 3
1-2
2

= 3106.8(conect to 1 decimal place )
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Exercise 5.5
Fmd the sum of the first 10 terms for each of the following G.P..
1
' 4,2,1, -,
®n 5
(i) -2,4,-8,16, ...
I 1 1 1

(i) =,——

379’27 81’
(iv)  5,20,80,320,

,Showthat1+f+2+2f+ . to 12 terms = 63 (¥2 + 1)

Solve the equation
12

1+x+%2+ %+ 39+ + 0+ + 33+ 7+ x 0+ 5" =x+3+ T
_ ) x=1"

Findn,if _ .

i) 3+32+3F+ .. +3" =120

(i) 2+2°+ 23+ L2t =510 S s
The ratio of the sum of the first, second and th;rd terms of a geometrm

‘ progress:on to the sut of the thl!‘d ‘fourth and ﬁfth terms is 4 : 9. Fmd the

tenth term of the progression if the sixth term is 15 -1—6

The sum_of the fourth and sixth terms of a G.P. is 90 and t‘he' sum of the
seventh and ninth terms is 2430. Find the sum of the first 17 terms of the G.P.

The nurabers 28, x and y are in geometric progression . If the sum of these 3

‘terms is 21 %, find the possible. values of x and of y.

The sum of the first 5 terms of a G.P. is.8 and the sum of the terms. from the

fourth to the etght inclusiv:e is 15%. Find the common ratio and the sixth

ferm.

" The length of the sides of.a triangle form a G.P. If the shortest side 15‘4 Scm

and the perimeter is 37 cm, find the length of the other two sides.

Find x if thenumbers x+3, 5%x—3 and 7x + 3 are three consecutive terms ofa
G.P. of positive terms. With this value of x and given:that x + 3-,5x — 3 and

7x + 3 are-the third , fourth and fifth terms of the G. P ﬁnd the sum of the

first 8 terms of th&pmgrcssmn : : . :



11, Inserttwo geometnc means betweem 2 and 128. ‘

12.  The ratio.of twoipositive numbers is 94t If the sum of the arlthmetic mean. and
positive. geometric mean between the two numbers.is 96, find the twonumbefs.

13. If the arithmetic mean: between xand yis IS and the geometric mean-is 9, ."d
X andy ' :

14.  The sum of the Trst terms of a certain: sequence is: given by Sp=10+2n.
Find the ﬁrst 3 terms of the sequence and express then th term.in terms of n.

&85 '.Inﬁnrte Geometric Series

Consider the follovnng geometric senes
(a) 1+2+4+8+..
@ 2erelilile
s 2 4 8

If we keepion addmg terms to the series indefinitely ,. we will get an inﬁmte serles

Thus an -infinite- series: is' the sum of an. unlimited: number of terms.. I (a);; it is
_obv1ous that the more terms we take, the larger each term becomes and. thus. the sum’
will increase indefinitely . We say that. the: sum: tends. to: infinity: \rep:esented by the
symbol o). We cannot ﬁnd a deﬁmte sum for thlS scnes and the series: is: saxd to be

dwergent
Note: F of example, if y 3 = -I- then y becomes fnﬁn'itelly- 1afge-- or‘approa’ches', inﬁnity,
X .

as % approaches 0 from: the: posuwe side: An mﬁmtely large: negatlve quantlty is
denoted by = 6a. and an mﬁmtely large positive: ouanuty by + o0,

In ®), a=2,  1-' L
‘ . 2 | |
: .The sum of the: ﬁrst n.terms ofthe series iy ngen by
- &
Sp -—~——T——- = 4{1 ( ) } = 4-?f—4.(:,—)"
.t 2
2

From the above wc see that asm becomeS» Iarcrec i.e.. when there are more and more

terms in: the- series; the Vahle of ( )n becomes smaller aid: smaller: untll it becomes

négligiblé;. We say: that as rr:e‘nds: te infinity, (54:); tends 1o zero: and. S~,; tends to 4.
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Syniboli'cally, we-w‘rit_é as o v o0 ( ) - 0 and S, =4 . We say that the infinite

séries 2+ 1+ ; +‘i— + —;-+, is convergent and converges t0 a sum, of 4. The valuc
4 is called the sum to lhﬁnzf' of the series and we wnte
7 S UL I S
: 2 4
‘General Case ° '
-Consider the geometnc progression a, ar, zn'2 ar’

The sum of the first n terms p
a.(l ") a . ar®

S. = = _
i “l-r  I-r l-x

Case 1: Whenr is numencally less than 1 (i.e. -1 <r < 1, written as. | r | <1},

n

ar. 0.
J—r :

"0 asn — oo and h_ence

a
Thus Sa approachcs a finite: value o asn —oeo.,
-r
ar” -
- 3 —0o whed a > 0 and
~T Tt

Case 2: (a) 'When,:a: > 1,. r“ — oo Hence
. _?__rj_ —> oo when a <0.
I-r
Thus the sum to, infinity ¢annot be found.
_{(b) Whenr<-landniseven, r" —c asn—>«
" Whenr<=1and nis odd, r* — —0 as p =30 -

u

- altemates between an increasing positive value and a
-1
decreasmg negative value. It does not have a definite. value. Thus the

sum to infinity cannof be found. : '

When r.=~1, the G.P. becomes a, 4, 3,3, ...

Hence,

Hence, altérnates betiween the vafu'e" of aand 0.

‘1 ~T
Thus the sum to infinity ¢annot be found either.

Case 3: ' When r = 1, the G.P. becomes a, a, 3, ... and S, > oo ds A~ oo Thus
the.sum to infinity cannot be found. :
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The sum to infinity of a G.P. can be found only when frf < 1 and is given by the
~ formula ' '
a

T1er
Example 6. Determine whether the sum to irifinity for each of the following
geometric progressions exist and find the sum to infinity where they
exist.
(i) 3,0.3,0.03. ...

i)~ 3, 18 108
-2 7~ 49
Solution . '

Gy r=33 =01

=l =0.1 <1 and hence the sum to infinity exists.

s =_* 3 __10
l-r 1-01 3
. 2 2 4
fH)r= =x==—
= 3173

4 ' P :
]ri' = 3 > 1 and hence the sum to infinity does not exist.

2 06
mlr=3 x— = —,
() 7 7

| = g <1 and hence the sum to infinity exist.

a 49 .-

7
_ _ 2
s= 2 - 2 - 2
l—r I‘_@ 2
. - _
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A geometric progression is defined by u, = 3-];1— Find S, aod the

Example 7.
smallest value of n for which the sum of n terms and the sum to
infinity differ by less than—— .

. - 100
Solution
1
un = —
311
1 1
u[ — -_, u_' -
39
13 1
ST == xZ o= 2
9 1 3 .
’ ] 1.
a(I--r") 5(1_(5) ) 1 1
Sn — = T = —(l~—)
1=r = 1__1_ 2 3"
_ 3
Let S be the sum to infinity.
1
g <= 2 - __3T =1 \
S—So<
100
1 1 1 1
—_ = ]l = —)< -
2 2 ( .3 ) 100
1 .1
3" 50
3* > 50
nlog3 >leg 50
S log 50
log3
> 1.6990 =3.562
0.4771

Thus the smallest value of n is 4.
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1.0.

infinity. -of a'G.P. 1, 3350 .. differ by less than —-—1—-—

-Exefcise 5.6
' Fmd the sum to mﬁmty of each.of the followmg series.

. 4’ 8 1,11
24 ) 2t ot

@ 2FgFgte S @ 2re T Ty

(iif) 3--§+%— Gv) 81-27+9-3+...

The third and sixth terms of 2 geometric progression are.9 and 2 -‘;-i—
respectively.- Calculate the .common ratio, the first term and the sum to
infinity of the " progression . -

The sum of an infinite geometnc progressmn is 12 and its first term is 3.
Find the first 4 terms of the G.P. '

In a G.P. the ratio of the sum of the ﬁrst 3 terms to the sum to mﬁmty of the
G.P. is 19:27. Find:the-common ratio,

The second term of 2 G.P. is 2 and its sum to mﬁmty is 9: Find the sum of
the first 4 terms of the two possible geometric progrcssmns

The sum of the first three terms of .2 G.P. is 27 and the sum of the fOurth
fifth and sixth terms is ~1 . Flnd the common ratio and the sum to mfmlty of

- the G.P.

‘Given that x. + 18 x +4 and x — 8 are the first threc terrns ofa GP, ﬁnd the
value.of x .Hence, ﬁnd

(i) the common ratio (i'i) - the fifth term (111) the sum to
infinity. : ' '

Given that 2x.—- 14, x -4 and -;—x are successive terins of a sequence.

(a) ﬁnc'f the value.of x when the f'scquence is
(1)anAP (i) a G.P. '

(b)  Tf2x- 14 isthe 3% term of ' G.P. with mfinita terms, find
(i) the ~ommon. ratio
(ii) the sum to infinity.

Given that &, p and q are-three consecutive terms of an A.P. while p, g and 36
are three consecutive terms of a G.P,, find the possible values of p and q.

Find the smallest value of n for which the sum to n terms and the sum to
1 1
1000
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SUMMARY
The general form ofan A.P.isa, a+d,a+ 2d, ..
where a = first term, d = common difference. &9
The n th term of an A.P. lsgzvenby u =a+(n-1)d.

The sum of the first n terms of an A.P. is given by

Sy = —é-{a+£}, where ¢ =lastterm or nth term.

' n ’
(ory S, = 5{23+(n—1)d}

AM. between a and b= at b

The general form of 2 G.P. is a, ar, ar’, ..
where a = first term and r = common ratio.

ThenthtermofaGP.is u, =ar"", ,
. The sum of the first n terms of'a G.P. is given by

Sn-_-a_(l_'__f_) or Sﬂ:i(_r_;l)_,r,#l
l--r . r—1

G.M. between a and b = +/ab
The sum to infinity of a G.P. exists only when |r| < 1 and is giver.b;

a

S=—-.

=TI
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CHAPTER 6 |
~ Matrices .

Matrix was introduced in 1850 by the English Mathematician James Joseph
Sylvest-r. It did not take long before mathematicians reallsed that matrices are a
convenient device for extending the common notions of numbers. Sir William Rowan
Hamilton and Arthur Cayky made further contributions to the subject.

The theory.of matrices is, in the main, a part of algebra. But it becomes clear
that matrices possessed a utility that extended beyond the domiain of algebra and into

other regions of mathematics. It was found that they were the means necessary for -
expressing many ideas of applied mathematics. Today, matrlces are used in
mathematics and other sciences. - ‘

6.1 Matrices :
Consider two simultaneous lmear equatlons m two unknown X and y,

3x+y=5
4x-y=2 .
The coefficients of x and y could be put down in the form of a rectangular
array without altering their relative positions in the equations, thus:

Such an array is called a matrix.

Definition ‘
A ma 1(x (plural : matrices) is a rectangular array of numbers arranged in rows .

and columuns, the array being enclosed in round brackets.
‘The rows of a matrix are the arrays of numbers that go across the page. The

columns are those that go down the page.
The order of a matrix is given by the number of rows followed by the number

of columns, and it is denoted by m x n, if the matnx has m rows and n columns.
For example :

P T

i 2 4 7Y, P
(1) is a 2 x 3 matrix, since it

1 6 2
has 2 rows and 3 columns.

5 2 7
(if) 10 3 J is a 3 x 3 matrix, since it has 3 rows

3 4 1

and 3 columns.
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In general, a matrix of order 2 x 3 can be written

(au a auj
ay 4y

and a matrix of order 3 % 3 can be written

Ay

&y a); A
4y ap Ay
A 2p Ay _
Herea ,a.,a are called the clements or entries of the matrix. Notice that a,, 15

120 H3 0 e :
the element in the 1™ row and the 2“‘I column and. a,, is the element in the 35 row*and

the 2™ column of the matrix. Thus a, will denote the element in the i™ row and J
colurmn of the matrix.
Capital letters are usually used to represent matrlces, e.g. three matrices could

be represented as A, B, C. -
Square matrix : When the numbers of rows in a matrix is the same as the number of
columns, the matrix is called a square matrix. The following are square matrices.

1 -2 ’
A= ) is a square matrix of order 2.
\-3 4 .
1 4 -3
B =10 2 1}isasquare matrix of order 3.
2 -1 5

In practical applications, the entries or elements of matrices come from the
world ir. which we live and have physical or economic or social meanings.

Information is often presented in matrix form in everyday life, in economics,
in mathematics and sciences. Here are some examples. :

Example 1.

This example comes from the weather report for a day.
highest . lowest rainfall in
temperature | temperature inches
Yangon 94 63 A2
Mandalay 96 73 06
Mawlamyine g1 60 - 24




The matrix for this example is -

(94 63 .12
9% 73 00|
81 60 .24
Example 2. A road map has the following mileage chart. ' :
‘ Yangon Bago Nyaunglebin |
. ‘Yangon 0 50 938
- Bago 50 0 - 48 . |
"Nyaunglébin®™ | - 98 48 0
The mattix
0 50 98),
50 0 48 rcpresents the above mformatlons
9848 0/ '
Exercise 6.1
Answer questions (a) to (e) for the matrix
I 47 10
2 5 8 11
2 6 912

(a) - State (i) the number of rows (ii) the number of columns. . -
(b)  List the elements in the second row. ‘

~(¢)  List the elements in the third column.

(d)  Write down the entry in : :

(D The first row and ﬁrst column

(ii) - The third row and third column. . -
(e) State the rows and columns which describe the position of these
entries.

@i 4 o (iii) 6 (iv)11 (v)2

(vi)5 '
For each of the following matrices, state the order of matrix and the entry in
the second row and first colunn. :
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1 7 _
1 -2 3 -4
d |3 0 (e) 6 5 6 7
59
3.  'Ineachofthe following systems of equations, write down the matrix of
coefficients of the variable x andy.. - :
(a) 2x+3y = 4 b)) x-3y=2 (¢) y=3
 4x+5y =3 2x+y =3 CX+3y=S5
4, Write down examples of matrices with numerical elements arranged in

(a) lrowand3columns (b) 2 rowsand 3 columns
(c) 3 rows and 2 columns (d) 5 rows and 2 columns.

6.2 Equality of Matrices
The position of an element in a matrix is fundamental importance. If dlfferent

elements are interchanged, the matrix itself is changed. For example,
2 5 _
,  are all different.

R I

Two matrices are identical if and only if each element of one is equal to the
- corresponding element of the other. '

For instance (a” 81z a“) - (bn b, buJ

8y 8y Az by, by by

if and only if

=b,, =b,,a,=b,, 8, =b,,a,=b,, a,=b,

Further, for example,

H A

= x =1 and y = 2.
Two matrices cannot be equal unless they have the same ‘number of rows
‘m, say) and the same number of columns (n, say). Thus
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Thus we have found that equality of matrices means identical matrices.

Defintition
Two matrices are said to be equal if

(1} theyare of the same order,and (i) ' their corresponding entries are
equal, ' -
Example 1. Find x and y_'in each of the following .
Solution ' '
~ 2y 1. 8
@ Lo 3 J ) (01 '3}
o x=1 2y= 8
Therefore x=1, -+ y=4
: X+y 4
o (-0
X + ‘ .................. (i)
:> {
K=Y =6 e, (i)
Adding (i) and (ii), we get 2x = 10
So X =5 ' R
and hencey =-1

: : Exeréise'ﬁ.z o
IR List any equalities for pairs of the following matrices.
A =023 B=321  c=(23)

it
I

.

-2 ()
o =) =)

LR

aw
[

pa——

94..




Note: A,B,C and M are called row matrices and D, E, F and G are called

column matrices. _
2. What is the order of each matrix in question 1 ?
3. . Find x and y in each of the following.
@ Gx-y) = (12 3
®) x+3° _ ( 7
4-y \J
(x+2y 9 :
© =
2x—y 8 .
{2 z ‘
¥y 4 9
@ |, L= [ J
\y X =27 8.
(2x 0 6 0
© lo 2y) ~

6.3  Transpose of a Matrix .

From a given matrix A, a new matrix can be formed by writing row 1 as
column 1, row 2 as column 2 and so on. This new ~atrix is called the transpose of A
and is denoted by A' (read as A transpose).

- For example,
b2y 1 3 5
- af A = 3 4|, then A' =
_ ‘ (2 4 6
5 6 Ca
Definition

Let A be a matrix of order m % n. A matrix of order n x m whose Tows are
columns and whose columns are rows of A s called the transpose of A and is denoted
by A" " ;

. ‘Exercise 6.3
) Write dwn the transpose of each of the following matrices, and state the
order Of:_e'iléh transp@jsé'; e »

@@ (16 =1y (b)




1 -1 A ; .
@ |2 3 (¢ |h b f ® |5
' 4 5 - £ ‘ 172
& .e . 7 8
2. Write down the total number of the entries in each matrix in proble:n 1. Do

you see a quick way to find the answers"

3. LetP =] " ’lamdgq = > -3)
' 3y N T s 7
Find x and y, given that P = Q".

o wB=[" 7 D @y
' (—'9 15 OJ’IH(?,
6.4  Addition of Matrices : :

With a view to defining addtition on a set of matrices, we w1ll study the~
following example.
Example MgMgand Kyaw Kyaw, who are close rivals th the mathematlcs class,'
compare thelr marks in Mathemaucs and Sc1ence at the end of the second. term

' Flrst test
. MgMg = KyawKyaw
Mathematics ' 82 78
Science - 68 72
' Second test
Mg Mg Kyaw Kyaw- -
Mathematics 75 80
Science 70 - 78
| | Total o
R MgMg  Kyaw Kyaw
Mathematics 82+75=157 78+80=158
Science 68+70=138 72+78=150

Setting out this information in matrix form, it is reasonab_le to write :

82/ 78 . 75 80. 82+75 78+80 157 158
68 72 0 7;_3’ 68+70 - 72+78) |138 150
- This method of combining matrices 1s:called addition qf matrices,

e
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The above example shows that the addition of matrices is simple but may only
be carried out when the mafrices are of the same order. Corresponding elements are
added. -

Definition |
If A and B are two matrices of the same order, the sum of A and B, denoted
by A+B,is the matrix obtained by adding the entries of A and the corresponding

entries of B. ,
Two important facts follow from the definition :

(I)  The matrix A + B will be of the same order as each of A and B.

(2) It is not possible to add two matrices of different orders.

Example 1. ‘ _ ' ' -

[3 2 .—1]+(—2 1 1]2(3—2 241 —1+1]

2 0 5 3 5 -5 243 045 55

' . 1 -3 0
3

Remark : Intérmediate;s_tcps may be omitted after a little practice. o

Example 2. |
a by (-2a b _(-a 2
¢ d) {-c 2d 0 3d

Definition :
A matrix whose elements are all zero is called a zero matrix. It is denoted by
O: ' '
Example 1.

000'th2><3 tri
000 is the ZEro matrix.

o (00 ab -
Example 2. Given that O = and A = .
00, : c d/ -
Show that O+A=A+0= A .
Solution o

R R
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Therefore O+A=A+0=A . /" |
Note : The zero matrix is the identity element for addition of matrices.

o (23} o
Example 3. Giventhat A = [4 SJ and B = ( 4 5], find A -+ B and

B + A and hence show thatA+B B+A O
Solution

23 -2 =-3Y ooy
A+B-= o+ = =0
: 45) \-4 -5/ (00)

(=2 =3\ (23} (00}
B+ A= + = =0
_ L- 4 -5 45 00
Hence A+B=B+ A=0 ,
The examplc provides us’ with some ideas about the negative of a matrix.

Each entry in B is the negative of the correspondmg entry in A. For this
reason, B is called the negatlve of A and is wntten A. :

Deﬁnmon -
IfAisa matnx then negatlve of A, written — A, 1s the matrix in which each

entry. is the negative of the corresponding entry in A.
Example.

: 1 -2 3y
If B = , then
-4 1 =5 ‘

B [—1 (=2 -3 ) (-1 2 -3
~(-4) -1 =% {4 -t 5)
Note : |

Since A + (—A) = (-—-A) + A 0, we call —A the addmve mverse of A
so that —(-A) ‘ . -
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Exercise 6.4 -
I Perform the following additions and subtractions where they are possrble
where they are not write "not possible”.

. ) ) 1 2
0w (0 i) 3} v la
. -6
iy | IJ . [ 5) | (iv) ! OJ - [-] 0 OJ
2 3) {6 7 0 1 01 0
w [ 2 3]+ (5.2 ] i) ( J [ J
4 56/ L4 32 -
(1 4 7 10 0y \
viiy |2 58] + |0 1 0] (vii) (9 6) + (7 8
36 9 0 0 1 :

oo (21 32
2. (a} A= ( J and B = ( _J
- 3 4 , 4 5

. Find the matrices A + B and B + A. ' - :
{(b) . Isittruethat A+ B= B+A? What raw for matrix addltton does this
result suggest?




4, Write down the negative of each of the following matrices.
CARE ST g DR L ] 0 ; CT '

(5 —gY.
@ (@3 2 B2 (© [4 _.J

4 2 1y
o34 o)
5. In each. of the followmg cases : find the matrix A _whiéh satisfies the givern
relationship. © -
o () w0
4/ L 3] 0 1) (21
6. Solve each of the following equation for the 2 x 2 matrix X. - -

@ X+ (.—2} 1J [3 -1)
| 0 -3 5 4
. (2 4) . Xﬁ' _ _(4‘ -—2}

3 5 3 1

6.5 Multlphcatlon of Matrlx by a Real number

Let X [5 GJ From the deﬁmtlon of addmon of matnces

X+ X 3:4 _+: '3 4 6 . 8) 2><3 2.;<4 L
56/. |56 10 12 _2_><_5A_,‘__2,.>_<__5_.,

X+X+X = (3' 4J+(3' 4}4-[3 4} (9 IZJ
56/ 15 6 |56 15118
CeU(3X3 Bx4) T
- '(35(5' | _3><6J
If we now write ‘
' 2-[3 4]3(2x3 2x4]
5 6 2X5  2x6
3 (3 4) _ [3*3 3;(4) |
5 6 \3x5 3x6
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it is reasonable to denote X + X by 2X and X + X + X by 3X. Extending this idea, we
make the following definition.

Definition : .
If k is a real number and A is a matrix, then k A is the matrix, obtained by

muitiplying each entry of A by k ThlS operation of multrplylng A b} k is called
scalar multiplication.
Note : (Subtraction of Matrlces) _ :

If A and B are two matrices of the same order, A B A+(-1)B

; 2 1y . (15
Example 1. Give that A = 4 3 ‘and B = {.

0 2
~ find in their simplest forriis the matrices.
(a) 2A (b)(-DA . (c)3A-2B

Solution

TA =72 21 N 2x2 2><i  4 2
@) “le 3) T laxa 2x3) (8 6
®)  (DA=(D [4 3} J)

Note: This shows that (-1) A is the negative of A; that is (- 1) A = —A. This resuit is
true for any matrix A.

@ A =3 [i ;J =(162 ]

(1 5) (2
2B =2 | .=
0 4

)
3A-2B = 3 9} [2 10)

4

—2 310y (4 -7
12-0 94 Tl os
Note : From the meamng of k A, it readily follows: tf‘ﬂf

i (@) " 0A=0""and . _(n) kO O when Olsaz ero matnx of sultable
order. ©~ . - o : : L .

Example 2.  Solve: 5| _ 3X— o
b 0 ‘: s -:, 3: 4 3 8

for the 2 x 2 matrix X.
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Solution o L ,

S[1 2) x = 4 AN
34) 7 38

(5 10y (-16 28)

N ) |

,(15 20J (12 32] |

5 10\ (-5 -10° ~16 28) (-5 -16)

gEs |-3X = -+

15 20) {~15 -20) 7" - {12 32)  (~15 -20

6 0 (=21 18)

-3X = L

0 0 (312

' ) .;--3 12) C

-21 18).
=3 12)
[ (=21 18}

i . = b
EPEN = [__3‘ 3

- Exercise 65

!'. 7 B
. AL - ot
. - . .
. . .




'(V)z[s. 3 2]+[a b c] ,(9 j2'6)
1 6 3 ~2. =4 5 d e f)
s wasl % o0 e ) o-(0)
. 00) 00) 10 01)
o L : (36
find an expression in terms of A, B, .C, D for the matrix (7 .9J )
4. Find the matrix A in cach of the following. - o

(i) 3A=(l' 2 3J -(ii)-A+(3]'=4A -
4 56 6 '
(12 L7 N
L) |3 4| = A =145 B
: 56 {3 -4 o ~
5. Solve each of the following equations for the:2 x 2 matrix X. ' )
@3X = [6 ~.3] . . b 2%~ (3 . 1} {9 _5]
2 9/ | 4 2 Lz 8

3 1) (5 3
© 4X- (4 7] (0 13]

6. Find the matrix X in each of the followmg

O Y
@20 27 5) "X s 1)

2 -4 T\
5 —3X=4
® (3 4] - (3 8]’ | -
| 2 -2 (b 6)
7. Giventhat A = 2] B=[®? | aac=[" \,
- 2 3 e 4f 4 d)
find the values of a, b, ¢ and d when
@) 2A+B=C (ii) 3A-2B = 4C.

6.6 Multiplication of Ma’trlces :

Can we multiply one matrix by another matnx" The followmg 1llustrat10n will
suggest an answer to this question. The student will need to observe some cases in
studying this section as the multlphcatlon is more excmng than the process of
addition. :
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Table 1 shows the purchases of food made by a housew;fe in two consecutive
months and Table 2 gives the cost otl the food per viss. -

L ‘Ta_ble 1‘ ‘ :
Purchase (viss) - Onions = . Potatoes
First month ) 3 o 1.
Secondmonth . 2. 2
e * Table2 | -
Food Cost in kyats per viss.
Onions -5 .
~ Potatoes ) -6
The total cost of onions for the first month is : ' 3x5 - =15 kyats.
The total cost of potatoes for the first month is 1x6 = 6kyats.
The total cost of food for the first month is 3x5+(x6 . = 15+6
: = 21 kyats.

Setting out the mformatlon in Table i and 2in matnx form, thc calculatlon
may be shown as follows: '

@ 3 Db [ J = (3x5+1x6) = (15+6) = (21).

In fact, we have multiplied each entry m the 1x2 row matrix by the
corresponding eutry in the 2 x 1 column matrix, and found the sum of these products
asa l x | cost matrix. : ‘

The total cost for the second month is given by

i @ 2) (SJ = (2x5+2x6) = (10+12) =(22)

giving the cost as 22 kyats. :
We can show the cost for both months as follows

3 1Y) (5} _ (3x5+1x6 15+ 6 21
(i) (2 2) [6) ) [2><5 + 2x6) [10 +12) ) [22}
This method of combining matrices is called multnplicati’on of matrices.
The rule is "multiply each entry of a row.in the first matrix by the

corresponding entry of the. column in the second matnx and then add the products to
glve the 2 x 1 matrix." . S : ‘ t ‘
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Multiplication of an mxp matrix by a px1 matrix
Consider the two linear expressnons '

ax+by} '
- o T et )

. cx+dy
By the above rule,(1) can be obtained from the product of the following ?><2
‘matrix and 2 x 1 matrix:

. c. d y """"'“'""""“""".'()

Therefore

ax + by} (a b) (x .
A RS L I (3)
cx + dy ¢ d) \y

- Thus the system of linear equatlons :
ax+by = p
cxtdy =q

can be written in matrix form:

LI0-0

' L . 1 2 3
" Examplel. Findtheprodnct. [0 7 .
AP praes .[4‘ -5 5} Y
N " ! . . . o z

- A Ay |
Solution : [1 | 2_ 3} Yy = (#+2y_+3ZJ
\4 -3 ‘6 1y 4x—j53{fﬁz
| e 3
Example 2. Perform the matrix multiplication (4 3 2)| 1
Solution . T -
“ 321 ?~ows+3x1+2e5»-az+3nlm (g
-5
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‘Multiplication of an mxp matrix by a pxn matrix’ -
To illustrate a farther extensmn ‘of matrix multlphcatlon consnder the

mai)plngs

f:(x, y)}---—}(x y)andg (x y)!———%(x" y“) deﬁned by ,
tx+uy X' —ax+by e "1 |

R R } and - o 1 ST DS UORIR SR (1) P

Y =rxX + sy y"=cx‘+dy'J RTINS

On substitution for x' and y'
x" = a(ix+tuy) ¥ b(x-+ sy)} '
"= c(tx+uy) + d(x+sy)
= (at+br)x+{aut+bs)y }
y" = {ct+dryx + {cutds)y
in matrix form, (2) can be written

"y _ {at+br au+bs x) oo . (3) L
Y" Ct—[—d_[ Cu+ds) '“\"‘ .............. e s

Hence the mapping f followed by g:(xY) |-——-> (x", y")
Expressing each pair of equations in (1) in matrix form,

W R IE R

froma which, on substitution for [ J in the second pair, - -

LA
we get S T B R T R R PP P T PR T (4)
) e dj\r s) Yy

(3) and (4) show that the result of the. mappmg f followed by the mappmg g could
have been written down the following definition of multlphcatxon of matrices.

a b u)  fat+br au+bs
(c dJ [r s] * (ct-i—ch‘ cu+ds)) chr
A little thouhgt will show that the "row in Lolumn rule for mu]tlphcatlon of
matrices requires that the number of columns in the left- hand matrix is the same as.
the number of rows in the right-hand matrix. Hence it is only possible to mll]tlpl}' on

m % p matrix by a qxn marix if ¢ = p, and the product matrix will be of order mxn.
The 'wo matrices are then said to be conformable for mulnphcatxon '

o
I

.......... - (2)
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Note : In checking whether or not a product exists and also in working out the
order of the product matrix, a comparison with matching dominoes may be helpful as
shown in the figure. :

(32 N[ (x+2ytz
5 -3 7){7 5x—-3y+7z
. , z .
same h
2x3 / \ 3x1
[ ] .
. ® [ L]
[ ] K . R

\M R

General definition of a matrix product :

The product of an mXp matrix A and a pxn matrix B is the mxn matrix AB
whose entry m the i row and j" 1] column is the sum of the products of correspondmg
entries in the i row of A and the ' ™ column of B.

{r 2 4 5 ’
. Example 1. GiveriP= (3 J and Q= [2 O)’ find PQ and QP.

PO = (1 -2} (4 5_] (4+4 5+0J= [8 5}
. 3 1) {2 0)  l1i2+2:15+0) (14 15
| (4 05) (1 2)  (4+15 8+5) (19 13
@ _'[2 o) (3‘ J h £2+0 4+_0] B (2 ”_4]

Wotice that PQ # QP, so multiplication of matrices is not commutative, To
avoid ambiguity W the multiplication of matrices, PQ may be dcqcubed as P post
multiplied by Q or Q pre-multiplied by P. '

Scelution

. 2 -1
Lxample 2, If A = (3 5) and B = ( : UJ ‘which of the products

AB, BA are possible? Simplify those produces that exist,
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O Sebutien

- Rxample

Solution |

" (yand @give 5 R

From(} .. ... . Y. . : i
D A4 N 16\ {7

Example 4.  Find the produets: -7 ¢ S U N
- 6 4;1\¢ . \C 1} \6

Selation

same \

1><2 22 AB exists -
h /-diffcrcﬁt\ -BA doe;c, n_otexist'; .
252 1x2 .

?.x—y T -‘=1".£‘.."..----.....". ...... :.... 2} .

R L4

PR € )11 3 A Eoob=T ), fid a systemn Of eunalicns - o

" i x and y. Hence find x and .




10) (7 S5)- _ (7+0 s+0) _ (7 5)
o 1yl 3) — lo+6 0+4; 6 4) .
Note:  The 2 x 2 matrix [0 I) is called the wnit matrix of order 2..

and denoted by L. It behaves like unity in the real system. .
1f A isa2x2 matrix, then IA.= Al = A (sce the above example ) .

e =2 {2 02) i
ExampleS'.' 'If'A'="-( 3' 6) and B=(1-_ fIJ,ﬁr_diB and BA.

"i S\ (2 2 2 4(-2) 2+(—2) 0. 0
. AB= . = O
| 3 6) .1 1) _6+6_ —6+6 00, ..
I RrNE 2\ (24(=6) ~4+12) [ (=4.8)"
BA
. _.1 -3 6) (+(=3) -246) (-2 4
Note (1)_. AB O does pot necessarily mean that A= O or B o'

‘Note 2) ': Powers of a square matnx A are definea as foliows :
A= pp, AP=AL7, A'=AA andsoon.

Solutlnn

Example 6. - If A=[3 4}_,:ﬁn§!_ p, q such that Al = pA+ql.

Solution |
A} =pA+q

a1 2) o (L2) ) L0y
(3 4] (3-4)’ =p(3 4]'“" [o 1]
1+6 2+8 P 2p qg. O
[3+12 64—16} [3p 4pJ [0 q]

{700 _(pta =P
150.22) 7 \3p. 4p+q

it

Hence p+q =7} - ‘
- §§ . :ig - from Wh_iCF-P‘ =3,9 =..2‘
4pt+q =‘—22 Jos



S ‘Exercise 6.6
Find the followmg mdtrl\ products

(@) (2 -3 41y () @ J)U ' (_,J (5 4.
2 N

(@ (2 3)[0 4) | 03)5'”( J \3 4N]

Obtain the matrix products of the following where poss:blc

o) wes()

| 234'_1'2)_:_& 51' 0}302
()‘K 76)\3 4 9 2 0)\3 1 2

and y.

(4 3 a
‘ - 2. 4y 2
OIS () (2 5)
A7) S A Nk
\3 1) . L e s
f 1 -2 3% (2 C B R )
: cosx —sinx
(g) | -1 4 2 | () teosn sin x) [ ‘ J
- - o B I - ] Sll'i X COS X J:
3 | 0/ {3 Sl

In each of the foﬂow_ing, find a system of equati;i)r_ls_ in x énd, y Hence .ﬁ:nd‘ X
(3 0 (x 2y
(a) - o
U) -2 Y . 8 : i
N (xy 8 o
( )(1 2) (YJ m .
1x ¥y} (3 5
ol I - )
y o x/ ! -1
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4 Find the values of aviel® 2 P - %
. mn eva ueS. Of a4 an 1 2b b 4 50 .

2 0y (1 0Y. . .
5. IfA= 1,B= Jfind (DAB . (i) BA
_ 15 2k

- (i) the value of k if AB=BA.

, 14 (1 2)(2 4) (a b
6. Given that 2 + = 1,
| 0 3/ (-13)\5-4) lc d

ﬁnd the values of a, b c and d.

30
7. The matrices A = and 0 \ are such that
0 4 c)

AB = A + B. Find the values of a, band c.

(e 1Y) | g
Example 1. A= LAO' : k)' Find -A% A’ and A? and hence deduce a formula

for A", where n is a positive integer. B
Solution ‘ - a '

k 1 1 2 . R ‘1.2
Az:AA:[ ](k.J_:_k +0 kk ) (K0 2k
Ao ko k) {o+0 0+’ (0 K
T L (k i] O LA
A=AlA= ) =0 | _
0 o ko k) {0 K L
3 3k2 kl . 4k3
At=AA= k [ } k .
0 k¥ JL0 Kk 0 k4

nkn—-l

k n
Hence A" = ,
0 k n

J, where nis a positive integer.

: {x 1 )
Example 2. Find the two matrices of the form X = ( 0 J such that X* = L
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Solution -

Xz-xx ) —." o [x 1) [X 1) . [X x+y)
R UIF% 1 UNE7 B CRV R0 I

¥ =1, x+y=0, : f%l
x=x1, o y=El
Forx+y=0, x=1,y=-1 or x=-ly=1

Exercise &7 ... .

(2 .1‘ R AN >
1.« IfA= B— | and. C
_ ' 1 —1 2 3) -2:35)
find in simplest form : - EE _' I -

(a) (AB)C b)ABC). (o) (CB)“A :.' (d)C(B A)
. ‘What law appears to hold? .

- 2.“--'--IfA— 1 2) (21 “d c 1 4)
- _34"34‘“’_32.”"'

'(a)lsA+(B+C) (A+B)+C‘7 - - (b) 1sA(BC) (AB)C?
(c)isA+B=B+A? =~ L .~ ©(d) isAB=BA?

(e) isAB+C)= AB+AC? Can you give. the name OfthlS law

@ isA+(@BC)= (A+B)(A+C)? i" ;o

3. a=] 2! dB r4 [find :
R I Rt T i

(@ A+B (b)A B (c)(A+B)(A B)

(d) AZ ’ (C) BZ .

| stttruethat(A-!—B)(A -B)= = A? 2B D

' 4. - For the matrices A and B given in problem (3) find (a) (A+B)
(b) A%+ 2AB + B2 Is it true that (A + B)* —A2+2AB+B2‘7
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1 -t

N R I
5. A= ,verifythat A" - 2A +1=0
where [ is the unit matrix of order2.

2 3 R
Show that the matrix A = (3 2] satisfies the equation A” ~ 4A — 5I=0.

6. Giventhat D = [ 2 J_ and that D? - 3D - kI =0, find the value of k.

7 Evaluate (2A ~B) Cwhere A<|° 2| B=| 2 dc=|2
. Ev: e (2A ~ B) C where 5 4 1 6 an 14 :

6.7  The Inverse of a Square Matrix of Order 2

NEE 10}
Let A= { and I= :
(C d) (0 1]
Pre-multiplying Aby I, A= 1. Oy (fa b _
oo 0 1) e d

BY(1 0) ~(a b) .
-"Post-multiplying,A b‘y I‘ AI=- ._a - ( s ) = ( =A
: C. 0 1, e d

Therefore A= AI A '
For this. reason, the unit 2 x 2 matrix I is called the 1dent1ty matrix for
multiplying of 2x2 matrices. Note that A commutes with I, i.e. IA=AL

Consider matrices P-=} . .| and Q=
onsider ma 1.cl:el§3 | [7 5} aIl_ Q [_-7 3’]

Pre-multiplying Q by F, PQ = (?! 5] [ 7 i] i C) (3 -

Post-multiplying Qby B, QP =}~ = =
ost-multiplying Q by F; QP ( J (_’_ SJ (O 1] =L

-7 3
Therefore PQ = QP I :
‘For this reason Q is called the multlphcanve inverse of P and is denoted hy
Pl We can also say that P is the multiplicative inverse of Q and is therefore denotet
by Q™. | o <
It is customary to uge the phrase "Inverse of a matrix" to refer to its
multiplicative inverse, since its additive inverse is usually called its ncga.ive,
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Definition

If A and B are square matrices of thc same order such that AB = BA =1, the)
B is an inverse of A and A is an inverse of B,

It can be shown that if these inverses exist, then they are unique; we can tall
about the inverse of A or the inverse of B, =~ o : :

Example; ‘

If A= [ 5 __J and B = ( 5] ,show that A and B are inverses of eact
other. L '
Solution -
We have to show that AB=1=BA.

ST
e 362

Since AB=1=BA, A and B aré inverses of each other.

Note : From the above example we notlce that ‘
(i) the dlfference of the "cross- product" of the entrles was always 1.

Fo_r ‘?Xample,‘frpm ( 7 4],9 x4 - (—5) x (77)= 36.,— 35 =:.1._
~7 8 , e
(Note the order — the main dlagonal product ﬁrst)

(11) the inverse matnx could be found by mterchangmg the entries in the main
diagonal, and changing the signs of the entries in the other dlago/nﬁl.

‘ " Exerdise 6.8
In questions 1 to 5, show that each matrix 1s the inverse of the other.

N R e

et
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10,

11.

(3 —ZJ (5 2) ' )
and ‘ " . -

(3 2 (1 -2
and
0 S \-1 3

Study the patterns in the entries of the pair of matrices in quesuon 1 to 4.
Use this pattern to write down the inverse of each of the matrlces in questmn 5

to 7. Check by multiplication.—

=

Usmg the definition of inverse of matrix, find the i inverse of each of the
following mafrices. T

14 32y oz_'..' -1
(a)(1 ) (b)[ ) (‘_’"[1'"4] (d)[ .5

cos® . sind J

Find the inverse of -
ind the myerse 9 [—sinﬁ cosB

. 1 0 ‘ ' " . ‘ * .
= [0 J. Show that 1 is ifs own i;werse, i"".'.[,1_=1- .

(3 5). o _ ‘
M= [1 ‘ 2)-. Find M™', as in question 6. -

Investigate whether or not the squares of M and M™' are also inverses of each
other. ‘ '
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. 1 _ . ;
12. A=('l J and B=|2 . Show that AB=1=BA andsoB=A"".

6.8 More about Inverse of Square Matrices of Order 2
- ~Does every 2x2 matrix have an inverse? . -
Ui e e e e g pY
To answer this question, consider the 2x2 matrix A = [ . d )

d -b) (a b) [(ad—be 0} - 10y

[—-c a) [c dJ“[O ad-—ch = (ad=bc) (0_ J
o 1 (d-bY[(a b} 1 oJ
enee ad-bcl-c a d, H_ \0 1

o T fdr =Y
Slmllarly, post-multlplymg A by ! . ( J_,,we-obtain_.
Tbe \~c a C.ootam

CRsRETT

It follows that if ad - be # 0, the matrix A'= (a :dJ has inverse -

At o1 [(d-0)
_ ad—bc Tcoal

ad - be i.e. the main dlagonal pr()dut,t mii.1s the other dlagonal product is
called the determinant of the matrix A and is written det A, If det A = 0. A
does niot have an inverse, .and is mllcd a smgular matrix. If det A # 0. then
A is said to be non-singular. "¢ oL s T 0 A e b

~(d -h
Pre-multiplying A by ( )

. ‘ ' {22 —
Example 1. Given that the yalue of the determinant of the matrix [ 1 5) is 16,

find the value of a. Hence, write down the inverse of the matrix,
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o - {2a
Solution det[

10a = 20
_ a =2 ‘
T (2x2 -4Y (4 -4}
The given matrix 18 = N B
\—1,5
I N CA R R
. \=1.5, . 16 1.4/ AT
: \16 .. 4/.

] has an inverse. If the inverse exists,

—

(=2
Exampie 2. State whether M = [ )

find it.
Solution P . - .
detM=(-2)(—1)— (1)(4) 2 4=-2#0,s0 M exists..

M- = 1 ~1 —-4_1 -1 -4
gt M\-1-2)" 22 -1 -2)

| 3.1 ‘
Example3.  Solve the matrix equation [ 3 ’ ZJ X= ( .

C2 x 2 matrix X -
Solution. ‘ S

31y (0 T}
Let = A and =B
3 2 9 2

The given matrix equation is AX = B. If A™ exists we.pre-multiply each side
of the cquanon by A7 and get '

s A AX = A—l B N i '. R
IX = A"B o
= X = A'B o

T iind A~ we first find det A. /*’
det A=3(2)—'3(1)=6-3=3 #0,50that A™ exisis

~
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< i L (2 -0 _1(2 -1
detA (-3 3] 3{-3 '3

RS, ¢ J( 36

9 2 \27 -15)

(23 1 4
Example 4. A= (I 2], B = [3 2) Wnte down inverse inatrices A and
B Hence use your result to find the matrices P and Q such that
- _ (1) AP B (ii) QA =B.
Solution _ E |
detA=4-3=]

i (2 - i (2 =3) (2 -3
AI-.——.._... = - =
detA (-1 2] 1 (-1 2] (-1 2

detB=2-12=~10 B
—— (2 ~4 _L (2 -4
detB \-3 1) -10 (-3 1)

®  ap =B
CATAP = AT
P = A

- o aan 2 =N 1.4) (-7 2}

\ P TAB S (—1 2} (3 2} - [s 0]_
(ii) QA =B R -

QA A™ =BA™

“QI  =BA"

RN N
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Exercise 6.9 .
Find the inverses of the following matrices where possible.

g2 2 [! 2 3(2 B
()12 ()56 ‘ (.);3 3

2
a8 =4 5 O —_1) PRI
Wlls o) © 1 0 © 12 6

Solve each of the following matrix equations for 2x2 matrix X.

NEEI
-1 2 3 4

-3 2, (2 s
(b)[l ,SJX_'@ —J

. r
A [2:3JB.%k dC(62)
= . = an =
lo 4 o 2 - 3 h)

(i) If AB =1, find the value of k and a.
(1) Find the value of h for which det A = det C.
- (ii) If the det B = det C, find the value of h when a =3.

31 2 5 ° '
Given that A = (2 J and B= [ 1 3}, write down the inverse matrix

of A. Use your result to find the matrices P and Q éuch ‘th‘alt (i)‘AP = B,
(i) QA=B. _

) (7. 5) 3 5 . ‘ . .
Given that A = g 9 and B= \ 2 , write down the inverse matrix B

and use it to find the matrices P and Q such that
(i) PB=A, (ii) BQ = 2A.

. 2 1 3
Given that A = and B=
' 5 3 . 2

1].,write: down the matrix A~ and

use it to solve the ft}llowing equations :
1) AX=B-A (ii)) YA =3B + 2A.
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6.9  Using Matrices to Solve System of Linear Equations
~Consider the fo!lowmg systcm of equatmns in which x and y varlabie on the

set of real numbers. - . ¢ o
+y=9 y.o o R \ —

3x2y=12)
_ 3x+y -'3- i ‘ . ‘ . . .
Since O .system (1) may be writtén as a single matrix
3x + 2y 3 2} ” o _ '

equation :

s 2) |y ™ Lia ) @

If we can find an equation equivalent to(2) of the form

\ X N fa)
the solution of the system can be written ‘down at once. To do this, we make

use of the fact that the’ product of a matnx and its inverse is the xdentxty matrix
I and proceed as f’ollows SR ,

‘~<1

3 1)
For matrix [3_ ZJ determmant 3><2—1 ><3 6 3 3,

3 1Y '1' ,Tj;-fz.‘-l —1
S0 o :
. 3 2 ~3
‘ oy (2=t
‘Pre 1'1'|Luht1pl)»f11.'1€I both SldﬂSﬂf (2) by the inverse —3— (_3 3],
L2 A1) (3 1) ._#_‘1-‘2 9}
2303 32 y' :.'3 —=3o3)uzt
1 0__ ._1 18-12) I ;6'_ 2\
A0 1)y 3 -27+36) 'E o) 3
;:x,.‘;'_; 2y
‘Hence x =2 and y= 3, which gives {(2,3)} as the solution set of the system.

Replacing x by 2 and'y by 3 in (1) readily verifies that {(2 3.) } is the solution
set of the system. This check is always ‘worth making. . : _ ,
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Example 1. Find the solution set of the system of equations

-7y = ;5 } by matrix method; the variables are on the set of real numt
% + y = ' \ s
Solution .
=Ty =351 (1).
x+y =5 )

System (1) may be written as a single matrix equation :

(3 =TV (x) (35 -
) e
N {3 ._7J' K (XJ . (351
Let A = R X = and B=1{| - |-
- 1 1) y) oo oS
. N

Then (2) becomes o
" AX=B ... S G).. ..
A7 AX=A"'B | '
IX=A"B
. X=A"B
detA =3-(-N)=10

: a_ 1L (1 Ty_ 11 7).
o AT = = = ; : ‘ )
S detA \~1 3/ - 101-1 3 ‘ p :
X = 1 {1 7Y(35 _ 1 35435y _ 170y (7
10 -1 3 s 10 -35+15) . 10(~20) = (-2
Thercfore x=7,y==2 . P
- The solution set of the system is { (7, -2) }
Example 2. Try to solve the system of equations x+: y = 4.

c 3x+3y =12 .
Explam w1th the aid of a cartesnan dxagrams why you failed.

Then

Solution
The given system of equatlons
x+y=4 |
............ ana(1)
3x+3y=12

System (1) may be written as a single matrix equation
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' (3 3) [y) (]2) spsnesvass OPURTRTIT (7. DN :

d fll-IB 3(1)=0
stof | o|= 3)-3()=0.

So inverse of (3 3J does not exist. |

.. equation (2) cannot be solved by matrix. . . '
method.

v

Geometr:cally speaking, both equations . \ ;

of system (1) represent the same stralght line; AR 2"

as shown in the figure. Fx s P,
Therefore the point of i intersection of the =L 49 '

two straight lines is not unique, and hence -
we cannot have a unique solution for.x and y.

Exercise 6.10
Find the solution set of the systems of equations m qucsnon [-12 by natrix

method .The variables are on the set of real numbers. -

5.

10.

x-y=7 . 2. ‘x+3y"-:-6‘.' 3. 5x+6y#25 4. 2x-5y=1
x+y=11 : x+y=4 3x+4y=17 - - 3x-Ty=2

6x+Ty=4 ', 6 3x+2y=T. 1. 4x+5y=0 8 x+y=3
5x +6y=3 Sx~y =3 2x+5y=1- = y-x=I

Find the inverse of the matrix (5 6) and use it to solve the following -

- systems. 7x+8y=10, 5x+6y=7.

, (34 L
Find the inverse of the matrix (2 6) and use it to solve the simultaneous

equations,‘ 3x +4y=18and2x+6y=22. . .
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11.

12.

()

()

()

)
- )

(6)

™)

E 7 .4 : .
Find the inverse of the matrix (3 2) . Hence determine the coordinates of the

point ot'intersectlon of the lines 7x + 4y =16 and 3x + 2y = 6.

Try to solve 9x + 6y 4 and 6x + 4y =2 by matrices. Explain with the aid of

~ “a Cartesian diagram, why you falled

SUMMARY -

A matrix is a rectanguldr atray of numbers arranged in tows and columns, the .
array being enclosed in round (or square) brackets. The numbers are called '

entries or elements.
The order of a matrix is glven by the number of rows followed by the number

of columns.
30 7Y (3 7 S : ‘ -

e.g (4 - 'SJ’ [9 ‘J are respectwely order ’2 x 3, order2x2o0ra square
matrix of order 2. , e :
Two matrices are equal if and only if they are of the same order and their
corresponding entries are equal. : ‘
A zero matrix O, is a matrix whose elements are all zero.
A unit matrix [ is a square matrix whose elements in the main diagonal are
unity and whose other elements are all zero.

‘ L o o 1.0 0

e.g. I=(O J and I=]0 1 Of

D 00 1

S

‘Addition of matnces .

If A and B are two matrices of the same order, the sum of A and B denoted
by A + B, is the matrix obtained by adding each entry of A to the

‘corresponding entry of B. -

| A B AB -
" fa B) (pq) fatp b+
e g + [P 4o (ate BTy
_ c d r s) (c+r d+s
The negative of the matrix A, written A, is the matrix whose entries are the
negatives of the entries in A.
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e 'A - a b ' l\ AT '_a _b S
«& | \C d aad —c —d

P T T R BU W P P e
"" B T P A R L

®) Multiplication of matrices by real numbers (scalars)
1 To-multiply’a’ matrix' by a réal number k we multlply each entry by that’

number.

2P ka kbY -
e.g. = R B
: . ¢ d ke kd)

‘Thls operation 1sscalarmult:phcatmn L .
)N 'Multlhcatxon oftwo matrlces R CoL T

SRR a b HES ax+by ERITE VN NP B | e '
(a) = - - - . ' [EIERE PR SR N
":"".'}’.“;?:'5'.:. TJII:_ C,’ xd vk y’w A C)J{+c.1y' LT 0 ':,_': i';' FULI D e '.'JiE :

(b) b)(p q ap-+ br aq+'bs}' Cnrles i
N6 d)\r. 8] \ep+dr cq+ds) I R T

Rule‘ Multlply "row mto column and add the products" -
Multiplication of matrices is not in general comuutative; .
; itis associative, and distributive with: respect to matrix addmon s

(10) Inverse of a 2x2 matrix ST ST T e e

L)

. oot s fas b rhy cvdnn, Do e s e Se
;:-Thcmverse,otthe,fmatnxA“—:.( | dJ isthematrix . . . ... .. - s
:-r:-.-».‘.,,;-'." [T R : [N RS S ) c, L A ¥ . ‘-' P o Jdnde! e A Lo

S CE A IV A I S o

AT = ! ( d _bJ provxded that ad bc # O ad - bc is the.
ad-be —¢. a .
determinant of matnxA . :
If det A =0, A has no inverse, and issaidtobe a smgular matrlx
IfdetA # 9, then A is said to be non—smgular L-'A"
j “I_""”"Propel‘t}’ ATAE AA“‘ —I e e
(1) “Matrix équdtions .- < 0 B S e s b N
: IfA, B and X are square matnces of the same order siich that R
AX =B and A bas an inverse A then '

AX = B¢:>A"AX A"’B<:>IX A"‘Be:»X A B

.- ' o
LI

.
b

Lo

1
)
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CHAPTER7
Introduction to Probability
The probability of an event in a random experiment was introduced in Grade

10. In this chapter, we will consider more about probability. First we recall that the
probability of an event is a number between 0 and 1 defined by -

number of favourable outcomes
number of poss1b1e outcomes ;

probability of an event =

The closer the probablltty of an event is to I the more hkely it is that ihe event w111
If an event is certain not to occur, then 1ts probablhty is 0.

In the following, we will describe how to calculate the prohab1hty by drawing
tree dlagrams or by. constructmg tables.. We 'will also explain how the expected
frequency of  an event in a g1ven number of repetitions of an expenment can be
measured

‘7.1 Calculating Probabxhttes by Usmg Tree Dlagrams :

. In this sectlon ‘we will use tree diagrams to find the probubility of outcomes
in an expenment In many cases the outcomes of an experiment can be ordered pair or
ordered triples of numbers or objects. In such cases, to tabulate all possible outcomes
it is sometimes’ helpful to use a tree diagram. For example suppose one coin is tossed
two times and the result of each toss (heads or tails) is. recorded. To find the possible
outcomes of the patr toss, the following tree diagram is used. .

First toss . . Second toss Possible outcomes
A H . (HH)
H. - - . -
N T : - ( HvT)
- H T (T.H)
T S
T .. (TT).  Fig. 71

Fig. 7.3 shows four open branches . Each open branch represents an outcome. Thus,
1be set of all possible outcomes is given by '
{(HLH), (HT)(T,H),(T,T)}
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If we want to find the probability of obtaining two heads, we see that one open
* branch is a favourable outcome as given in Fig. 7.2.

| PR Flg.' 7.2
Thls glves the‘reqmred probabllxtyas o
no. of favourableoutcomes

"P'(tv'vo‘heads) = = —1-
: ‘ no.of all poqs1bleoutcomes 4

“Example 1. Suppose a box contains 3 marbles 1 black 1 red and 1 green ‘A marble
‘ " is ¢hosen and the colour is recorded.  This marble is replaced before a
second marble is chosen. Find the probability of choosing two

different colours.

Solution _ S o T N
 The following tree diagram cail be used to deﬁémine the possible outcomes.

* First choice ~ Second choice Possible outcomes ‘

. ®B

- BR)

(B,G)
- (R.B)

(R.R)

R,G)
(G.B)

GR},

Fig. 7.3
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The set of a!l possible outcomes is given by

{ (B,B), (B.R),(B,G),(R.B), (R.R),(R,G)(G, B) (G.R)(G, G)}
This set contains nine outcomes.
If we denote the set of favourable outcomes by A, we have

A={(BR), (B,G),(R,B), R,G), (G B).(G, R)}

Since fhis set contains six outcomes, the probablhty of event A is given as

P(A)--— or % |

Example 2. How many 3 digit numerals can you form from 1, 5 and 7, Wlthoutl
repeating any d1g1t ? Find the probablhty of a numera.l which begins
with 1.

Solution :
Wc use the followmg tree dlagram to determme all possible outcomes

'Hundreds‘ | - Tens' " Opes' ' . Possible

digit digit digit | outcome
s—7 157
5 s

|7 517

7 —1 571
1—__._——--- 5 ' ' 715 -
1 751

Fig, 7.4

The tree diagram shows that we can form six numerals from the given digits.
There are only two open branches for the favourable outcomes. Thus the probablhty

of a numeral which begins Wlth lis gwen as 2 o or %

6 -
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Exercise-?l D e “ ;-r;f': SR

Maung Ba Maung Hla and Maung Mya are candrdates f01 presrdent of a
badminton team. Ma Ni,.Ma_ Yi, Ma Thi and Ma Si are candidates_ for. vice-
president. Draw a- tree dlagram to determme the set of all possible outcomes.
Find the probablhty that Maung Ba is to be elected for president.

A box contains 5 cards numbered, 2s 2,3,4, 5and 9. A card is chosen the
number i$ recorded, and the card is replaced Then another card is chosen and
the number is recorded. Draw a tree dlagram and tabulate possible outcomes.

Find the probabilities of
_‘_(a) gettmg twoprlmenumbers . T e

e © gettmg a patr of numbets where the sum isa pnme number

Suppose the first card is not replaced in the problem 2. Another exercise (a)
.through (c). :

A box contams 4 marbles of 2 blue I red and | yellow, A marble is chosen the
coIour is recorded; and the marble is riot replaced Then another marble is
chosen and the colour is recorded Draw a tree diagram to determine, possible
outcomes ' L

Hence, ﬁnd the probabilities of

(a) choosmg 2 blue marbles and

(b) choosing 2'different colours. B

Spin the arrow twice and record the colour you get each’ time,

Draw a, tree diagram to list possrble outcomes. Hence ﬁnd the probabrhty of

(a) not s spinning red first, :

(b) spinning two different colours. :

D

Maung Maung , Mg Mya, Ma Hla and Ma Khm are finalists"in a mathematlcs

contest'..One of these pupils will win ﬁrst pnze and another will win second

prize. In how many ways is it possible for the first and second prize winners to

 bechosen from the four puprls? Fmd the probablhty that Maung Mya -and Ma

" Khin'both win prizes. . L L -

7 A coin' 18 tossed three tlmes Head or tall 1s recorded each tnne Drawmg a
trée dlagram ﬁnd the probabxhty of B R CR T
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(a) getting exactly one head and
(b) getting no heads.

8. Suppose a family has 3 children. Find the probability that the first two
children born are boys. What is the probability that the last two children are
boys?

9. A coin is tossed and then a dic is thrown. Head or il and the iumber turns up
are recorded each time. Draw a tree diagram and list the p0351ble outcomes.
Hence, find the probability that head and 6 turn up.

7.2 Combinations of Outcomes

In this section, we will present some combinations of outcomes of an
cxperiment. We will do this by given simple examples. Let us first consider the
following experiment.

Example 1.  Suppose that a biue die and a black die are rolled.
The set of all possible outcomes is shown in the table below.

. black die
| 2 3 A 5 6

14, @ 'VW (1,5) ()

2| @ @2 03 04 05 Qe

" blue die 3 (3,3) G4 (3,5).-. , f3=6)
4 43 @4

s| 6 6 BN '(‘5,4) " (56)

6 (6,1) (6,2) 6,3) (6,5)

From the table; a total score of 5 can be obtained in 4 ways narnely

(4,1), (3,2),(2,3).(1,4). Hence the probability of gettiilg a total uf 5 is 3%-. ie,
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Notice that -
P(5)+P(not5)=— ¥ g -
.. This form of result is. generally true for any outcome of expenrnent This
result can be stated as follows: - : : SN
' If the probability of an outcome of an experiment is . P, then the

probability that the outcome will not happen is1-—P.

Example 2. ' Again, 1et us con31der the outcomes of thc expenment in example 1
From the table of éxample 1, we have,

P(10) = 3‘-=—1- and P (5 or 10) %l.' -
yov36 12 36

. |
NOthC that
. PBorl)= P(5)+P(10) .
This form of result can also be used in general when the sets of outcomes are
quite separate, that is, when there is no mémber which appears in both sets. )
In this case we say that the outcomes are- mutually exclusive.
If A and R are mutually exciusive outcomes, then
P(A orB) P (A)+P (B)

Example 3 Agaln a blue die'and a black dle are rolled and the pOSSlb]e outcomes
are shown in: thc table below, - oo
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| T black die

1 2 3 4 5 6
Llan . a2 4 |as|  as. @
2 | (2,1) (2.2 (2,3) 24| @3 (2,6)
blue die 3 | (3,1} (32 (33) 34 3,5) (3,6)
4 (14D (4,2) 4.3) (G N I C ] 14,6}
S1eD 6 6y |6a] 65 66
6 1 (6,1) (6,2) 63). . [(64). (6,5) 6;6)

From the table, P (blue.‘ 4) = 5% = , the set of favourable outcomes is

1
-6
q

shown in the horizontal box. Also P (black 4) = — = % the set of favourable

outcomes is shown in the vertical box. Also P (blue 4 and black 4) = 5%’ the set of

favourable outcomes is shown in the intersection of the two boxes.
Notice that
P (blue 4 and black 4) =P (blue 4) x P (black 4)
This result is generally true when the two outcomes occur ndependently of each
] other (in this case the blue 4 and the black 4 occur quite independently of each other).
If A and B are outcomes which are independent of each other,
P(Aand B)=P (A) x.P(B). |
Example 4. Three tcnms players A B C play each other only once. The probabxhty

that A w1ll beat B is 5 , that.B will beat € is -5— and that C wﬂl beat A

is 7 . Ca*lculate the probability that C 'Wins both games.

Soihﬁpn.- _ _,P_(:C wins both gém¢3)= P(CbeatsAathbeatsB)
- = P(Chbeats A) x P(Cbeats B )
Co= P(CbeaisA)X(l—P(BbeatsC))

| 5.
-_"_x(l__) 35,
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Example 5  Three groups of people are comprised as follows

[ Frist group '3 women 2 men
Second group | 3 women 3 men
Third group 3 women 24 men

One person is selected at random from each group Calculate the probability
that the three people selected are all women.

Solution:
P ( the three people selected are all women')
= P ( the person from the first group is a woman and the person from the second
groupisa : : '

woman and the person from the third group is a woman )
= P (the person from the first group is a woman) x P (the person | from the second
group is a : a

woman)x P (the person from the third group is a woman)

3.3 .03 9

= - K —_ K = —

5 6 7 70
Exercise 7.2

i (a) Write down the set of all possible outcomes for the rolling of two dice
and find the probabilities for the total scores on the two dice.
P(2),P(3),P@),...,P(12). ‘
(b)  Are all of these outcomes equally likely?
What is the most likely, and the least likely, score on rolhng two dice?
- .-What is P (the total score is 2 or 12) for rolling two dice?
What is P (the total score is 3 or 4 or 5) for rolling the two dice?
What is P (the. total score is prime number) for rolling the two dice?
What is P (the total score is greater than 7) for rolling the two dice?
A blue die'and a b!ack die are rolled. Find the probability of gettmg a score
-~ which
(a) inchides a 1 on thé blue die,
~ {b) includes a 1 on the blue:die or a 6 on the blue die,
(c) inclurles a 2 on'the blue dic or 2 5 on the black die.

Nk W
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10.

il

12.

13.

14.

When two dice are rolled, what is the probablilty of ain outcome in whlch the
score on the second die is greater than that on the first?
Construct the table of outcomes for rolling two dice, a blue die and-a black
die, and use it to find P biue 2 and black 5 ). Find also P ( blue 2 and black
5) by using a property of independent outcomes.
Construct the table of outcomes for rolling two dice, a blue die and a black
die, and use it to find P(blue 1 and black number greater than 4). Find also
P(blue 1 and black number greater than 4) by using a property of independent
outcomes.
Copy and complete the table for the toss of a coin and the roll of a die.
Die
[ 1 2 3 4 5 6
H |(H)]) H2) ‘

Coin .
T . . : : ‘ (T,6)

(2)  How many members are there in the set of possible outcomes?

(b)  Show by a box the subset of outcomes containing a Tail.

(c) Show by a box the subset of outcomes containing 4.

(d)  From the table, what is P(Tail), and what is P (4)?

(e)  Verify that P (Tail4) =P (Tail) x P (4).

Make a table for the toss of two coins, putting fust coin on the left, second
coin at the top: Find P (H,H), P (T,T) and P (a head and a tail i in any. order). -

A spinner is equally likely to point to any one of 1, 2, 3, 4 . Make a table of
ordered paits (First spin, Second spm) Find the probability of:’

{(a) two even numbeérs,

(b) two odd numbers,

(c) an even number followed by an odd number,

(d) an odd numbel followed by an éven number.

The spinner as in question 13 is spun once then a die is rolled.

Mrke a table of ordered pair (Spmner, Dle) Hence , find (wherc E means

- even and O means odd)

(a) P (E.E)

{b) P ((E,0) or (O,E))
{c) F(total of 10)

{&) P (total of 1)

(¢) P (total Jess than 6)-

133



15..-

16.

17.

18.

7.3

- Copy and complete this 'én'ay.of ordered triples for the possible outcomes .

when 3 coins-are tossed simultaneously:

HHH  HHT ©. . HTH-  HIT

THH | [

Hence ﬁnd the probabillty of gettlng
(a) exactly 2 Heads, _
(b)- 2 Heads and a Tail in any order,
(c) 3 Tails.

A_bég contains 15 discs of which 3 are white, 5 are red and 7 are blue. Two
discs are to be drawn at random, in succession, each being replaced after its

. colour has been noted. Calculate the probability that the two discs will be of

the same colom'

The probabilities thét the students A and B will pass an examination are ~§—

and %, _reépgqtively. Find the prcébabiiities that
(i) both A and B pass the examination,
(1i) exactly one of A'and B passes-the examination.

Three groups of chlldren consist of 3 boys and 1 girl, 2 boys and 2 glrls, and 1
boy and 3 girls respectwely If a child.is chosen from each gl”oup, find the
probab111ty that 1 boy and 2 gu'ls are chosen o : _

Calculation of Expected Frequency
In this ‘section, we will glve a ‘method. of calculanng cxpected frequcncy

Expected frequency of an outcome.in an expenment is useful when we need to repeat
such an experiment many times. If we repeat an expenment many times, then the
number of times we expect a favourablc outcome to tum up isa helpful mformahon
for us. For example, if we roll a die 300 times, the tlmes we expect 3'to tum up can

be calculated as follows:




In this case P (3) = % , thus,

number of 3, expected in 300 throws = —é- x300=350

‘ Of course, we would not be surprised if, in such an experiment, the number of
times 3 turned up was 47,or 52. But we would be very surprised if the number of
times was 2 or 290. '

As in the example, we can calculate the expected frequency by usmg the
following definition ; that is,

In a cumber of trials, . .
the expected frequency of an outcome :
= (the probability of the outcome) x (the number of trials).

Example 1. If a coin is tossed 100 times, what is the expected frequency of ' Head'.

P (Head) = —

. Number of Head expected in 100 tosses = % x 100 ;—‘“50 o

Example 2. It was found that the probability of a child getting measles was 0.13.
‘ Out of 1200 children , how many would you ~pect to catch mieasles?

P.(achild get'ting measles) =0.13
Number of chlldren expected getting
measles in 1200 children =0.13 x 1200 = 156

Exerc:se 7.3

1. After a large number of trials tossing drawing pins the probablllty of ' Pin up’
was estimated to be 0.3. In 400 more trials, how ‘many times would ' Pin up '
be expected?

2. if a die is rolled 6(_)' times, what is the expected frequency of

(a} 1turnsup.
(b) anumber divisible by 3 turns up.
{c) a factor of 6 tums up.
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(a) List the set of four possible outcomes when two coins are tossed.

(b) HoQ many would you expect to obtain two heads in 200 trials?

(c) Would you be surprised to obtair two heads |

(i) 53 times - (il) 185 times (iti)) not at all.

If the arrow in the given figure is spun 100 times, what is the expected
frequency of: :
(a)a 10 (b) an odd number.

If the arrow is spun 1000 times; what final score would you expect if all the
individual scores are added together?

The probability of scoring 12 when throwing two dice at once ' is % . If such

experiment is repeated 720 times, what would you expect if the score not
being 127 _ ‘ :

‘A spinner is equally likely to point to any one of the number 1, 2, 3, 4, 56,7.
What is the probability of scoring a number divisible by 3? If the arrow is
spun 700 times, how many would you expect scoring a number not divisible
by 37 '
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SUMMARY -
A tree diagram or a table of possible outcomes are very useful in finding the
- probabilities. ' ' : '

We say that the Qﬁtcomes are mutuaily exclusive if they cannot occur together.
If A and B are mutually exclusive outcomes, then P (AorB)=P(A)+P(B).

Two outcomes are said to be independent if the occurrence of cne outcome
does not affect the probability of the other. If A and B are. indepnedent outcomes,
then P (A and B) =P (A) x P (B). ‘

In a number of trials,

the expected frequency of an outcome
= (the probability of the outcome) x (the number of trials)
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CHAPTER 8
'Circles‘ ‘

In the Grade 10 Text we leamed about the chords, secants and tangents
related to the cxrcle Now we w1ll leam the re]atlonshlps between cnrcles and angles.

8.1 ‘Anéles in a'Ci'iiele
Theorem i ‘

The angle-which an arc, of a circle subtends at the centre is double of that
which it subtends at any po;nt on the remammg part of the c1rcurnference

Fig. 8.1

Given: O APB (centre O), in which arc AQB subtends ~ AOB at the centre
and ~ APB at point P on the remaining part of the circumference.

. Prove: . ZAOB=2/APB.
Proof: Join PO and produce it to R.
" In AOPA,OP=0A (radii) | ;
=0 | !

But B is an external angle ;
~p = a+-0

WP Yy
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In the same way , 6=2y;

B+oé=2a+2y =2(a+y)-
ie, Z/AOB= 2 / APB.

Corollary 1.1 Angles in the same segment of a circle are equal to one another.

Given: OAPB (centre O) , in which & a_nd B are angles in _the same segment
APQB. '

Prove: a =8

Proof :

JoinOA ,OB (forming aﬁgle B at the centre)
Since &, p and 0 stand on the sén}e’. arc ACB,

1
2

¢=—6and p=—96 -

b |
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Given : Angie o in the semicircle APB

Prove : @ = one right angle
Proof: - Complete OAPBQ
0 (at the centre) and o (at the c:rcumference) stand on the same arc
AQB. .
‘ . 0=2a

| But 9 is a straight angle 2rt. Zs; (2 rrght angles)
=11t angle

Corollary 1.3 The opp031te angles of a quadrilateral inscribed in a circle are
supplementary.

B
- Fig. 84
Given: Quadrilatera] ABCD inscribed in circle O.
Prove : LA+ ZLC=2rnt AsandAB+.4D 2rt Zs
proof: Join OB, OD
ZC= i- 6 (standing on arc BAD)
£ A= -;- p (standing o arc BCD)

. £C+ ZA= -é-(e+¢) |

But 6+ ¢ =41t £s;
LC+ LA=21 Zs
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~ Similarly , ZB+ £D=21t. £s.

Corellary 1.4 If one side of a quadrilateral inscribed in a circle is produced the
exterior angle so formed is equal to tl.e interior opposite angle of the quadrilateral.

| Fig. 8.5
Given: Quadrilateral ABCD inscribed in'® O and BC is produced to E..
Prove; Y=o ' '

Proof: Since ABCD is inscribedin © O, & + £ BCD = 180°
But £ BCD+ y =180° -
- 0+ £ BCD= £BCD+y
Hence @ =y |

Theorem 2

In congruent mrcles or in the same c1rc1e equal angles at the centre stand on
equal arcs.

Conversely, in congruent circles or in the same circle, equal arc - subtend
equal angles at the centre.

M N

Fig. 8.6
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en: Congruent circle PMQ, SNT (centres Oand R respectwely) with
| 8= ¢ (angles at the centres) - B

wve: arc PBQ = arc SCT. _

of: Apply OPMQ to OSNT so that centres O are R coincides ,
and OP falls along RS. |
Then OP=RS (radn of congruent cn'cles)
and P will fall on S.

Since 8 = ¢ , OQ w111 fall along RT and since OQ = RT, Q will fall
onT.

Since the circles are congruent and their centres O and R coincide,
their circumferences coincide, and since P falls'on S and Q on T, arc -
PBQ comcxdes w:th arc SCT ‘

. arc PBQ arc SCT

: w ‘ ‘ Converse — RS
'en: Congruent circles PMQ, SNT (centres O and R respectwely) w1th
arc PBQ = arc SCT, and let 6 and ¢ be the angles subtended by thelr
- arcs at the centres.
ve: 8=¢
of: ~ As before, apply OPMQ to OSNT 50 that there centres c01nc1de

Then, since the circles are congruent their cncumferences will
. coincide, and if opP falls along RS, P will fall on S (- OP RS)
And since arc PBQ arc SCT, will fall on T..
0OQ will fall on RT
L g= ¢

rollary 2.1

In congruent circles,'or in the same circle, equal angles at \trhe'clrcumference
id on equal arcs , and conversely -equal arcs, subtend qual angles at the
umference. : R »
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[?L——Bandp——e A=pL 0= ¢® arcPBQ arc SCT]

Theorem 3
In congruent cxrcles or in the same circle , equal chords cut off equal arcs.

Conversely, in congruent circles, or in the same clrcle the chords of equ
arcs are equal. :

_ Fig. 8.7 :
' Gi{/én o . ,Con'gr_uent circles PMQ, SNT (centres O, R ifespectivel_y) -
' withPQ = ST. | '
Prove : arc PBQ = arc SCT, and arc PMQ arc SNT.
Proof: Join OP, 0Q and RS, RT
. IAsOPQ,RST,

OP=RS “ (equal radii)
OQ=RT " (equal radii)
PQ = ST (giv'en)
AOPQ ARST (SSS congruency)
B =3 ‘
;oarc PBQ = arc SCT (Th.2) .
and siﬁqe the circles are__cor;gruent, arc PMQ = arc SNT.

Converse
Givan: Congruent circles PMQ, SNT (centres O, R réspectiv‘cly)
with arc PBQ = arc SCT.
Prove . PQ= ST,
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Proof: - . Join OP, OQ and RS, RT. . S
. Since the circles are con_gi‘uent and arc PBQj= arc SCT (Th. 2)
. B =2 _ ‘ .

. In AsOPQ,RST, |

. OP=RS (equal radii)

0Q=RT  (equal radii)
B = § (proved) |

% AOPQ = ARST (SAS congruency)

. PQ=ST

N.B. - In this and the preceding theorem it is left as an exercise for the student to
adapt the proofs to meet the case of the same circle. :

Theorem 4

The angles which a tangent to a circle makes with a chord drawn through
the peint of contact are equal to the angles in the alternate segments of the circle.

N -
Given: ODPC, with NT the tangent at P- and PC a chord through P:" |
Frove: (i) £LCPT= 3. (if) ZCPN-=¢.

Proof: From point P draw diameter PD . Join BC. In minor arc CP take any
point A. Join DC, CA, AP.

(i) « =90° (PD is a diameter)

2O +p =90° L )
Also+ LCPT = £DPT=90° = .
» 8+ ZLCPT =0+ | S -
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ZCPT=B

But . 8=p (anglein the same segment)
Hence' LCPT= 6 s
(ii) DPAC is a quadrilateral mscnbed in0 O
. B+ ¢=180°
Also Z CPT+ £ CPN = 180°
. LCPT+ L CPN='[3+¢.
But - L CPT=p (proved)

ZLCPN= ¢

Example 1. .
Two unequal circles are tangent externally at O. AB is 2 chord of the

first circle. AB is tangent to the second circle at C, and AO meets this
circle at E. Prove that £ BOC= £ COE.

'Two'unequal circle P and Q are tangent externally at O.AB is a chord

Given:
of OP , anid AB is tangent to OQ at C. AO meets OQ at E.
Prove: ZBOC = £ COE. |
Proof: . Draw a common tangent at O cuts BC at D.
T a= LA (Th4)
B=1v  (Two equal tangents to OQ from external point D)
LatB = /_:,'-A-i-'y
| =4 COE
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i

. ZBOC = £COE .
' Exerc1se 8.1

1. InOS, AB and BC are equal chords,
SV.L AB,and SUL BC. Prove that B is the
mldpomt of arc VU.

- Given: OM, AB=CD _
Prove: A DBE is isosceles with base BD.,’

OH with diameter CI, CA//HN
Prove that arec AN =arc NI.

leen OO with AB = AD and AC is a
T diameter.

Prove : BC=CD.

Circles P and Q are congruent and tangent
externally at O. Prove that OA=OB. -
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10.

e

:' being any points on the arc.Prove that
LVWX+ ZXYZ=threert: Ls. - -

In each of the ﬁgurqs,. find x and y.

VWXYZ is a semicircle, V and Z being the
éxtremities of the “diameter and W,X)Y

in 'fﬁh@_'ﬁ'g_u.r_e-T PST and PQR are any two .
secants drawn from P to the circle.
Prove the following  pairs .of tnangles P
equlangular {(2)SOT,QOR; SRR '8
. .(®)SOQTOR; |
" (¢} PSR,PQT;
- (d) PSQ, PRT.

In the figure PQ is parallel to RS and _
ZPAB= /MBA.Prove PQ=RS=MN.

ABC is 4 triangle inscribed in a c1rclc whose centre is-O, and OD is the
perpendicular drown O to BC. Prove £ BOD =« BAC. B

" Two circles intersect-at M, N and from M dlameters MA, MB are dra\m in

each circle. If A, B be joined to N, prove ANB a stralght line.
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Proof: Join AD , CB.
' In AAPD and ACPB -

o=, (Subtends the saiae arc BD)‘ -
B =5 (Subtends the same arc AC)
AAPD ~ ACPB (AAcor:)
AP PD ' :
CcP PB
. APPB=CPPD

Theorem 6 |

If a secant and a tangent are drawn fo a circle from an extemnal point, the
square of the length of the tangent segment is equal to the product of the length of the
secant segment and its external part.

Fig 8.13

Given: - OABC with secant PBA cutting it at B and A, and tang%;nt PT f_ouching
itat T. . : _ ' .
Prove: PAPB=PT>
P ~ Join AT, BT
. In APAT and A PTB
o =0, '(Th.4)
~ ZP is common ‘ :
. APAT~ A PTB - (AA corollary)
PA _PT |
PT 'PB
. PAPB=PT?
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Coroliary 6.1

: If two chords of a circle intersect at a point w1thout the circle, the product
of the lengths of the segments of the one is equal to the product of the lengths of the
segments of the other.

' Fig. 8.14 _
Given: Two chords AB and CD of a circle intersect at a point P without the
circle. ' o
.Prove: PA.PB=PC.PD
Proof: Draw tangent PT.
PA.PB=PT’
PC . PD J= PP
(Th.6)
S~ PA.PB=PC.PD
Example 1.

Two chords of a circle, AB and CD intersect at nght-angles at K. If

AK = 6cm, CK=3cm, and KD = 4cm, find KB. If E is the midpoint of KD and 48 is
produced to meet the circle again at F, show that AE = 4EF.

Solution . - . .
" AK.KB =CK.KD
6KB =3x4 Ak

KB =2cm

Since KE = ED = %.(4)=_2cm,'
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CE=3+2=5em | -
Inrt. AAKE, AE?=AK*KE? = 6 +2°=40

AE =m=2x/1-60m

‘AE.EF = CE.ED
2 I0EF=5x 2
10 1
EF =~ = 410 cm
: 210 . 2

4EF =4(%\/ﬁ)=2\ﬂ6 cm

AE =4EF

Example 2. 7 ‘ . .
A and B are two points on a circle 3 cm apart. The chord AB is produced
to C making BC =1 cm. Find the length of the tangent from C to the
circle. -
Sqlution
CB.CA=CT?
1(1+3)= CT?

CT? =4

CT ﬂ\/_=2cm

Exercise 3.2

1. Inthe figure if (a) AP = 10,PC=5,PD =6,
find PB; if (b) AP = 10,PD =6, DA =12
. ‘BC=9, find AB and CD.
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2. Find x in the following figures. '

3. Inthe figure AC is tangent to the ©ABD; CBD and DAE are straight lines. Find
BD and AE using the given data in the figure. |

4. Inthe figure AT is a tangent segment; ABEF and gCD are straight lines,
(a) IfAT=6 cm, AB=BE=2cm, BC=3 cm, then find EF and CD.
(b) If CD =8 cm ,BC=7cm ,BE=2 ¢cm , AB =4 cm , then find-AT.

5. Inparallelogram PQRS, PQ=5¢cm,PR=8cm,QS=6cm. - ’
Calculate the lengths of AR and BR. :
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6. ABCD is a square and E'the middle pomt of CD. A circle drown through A,
B and E meets BC at F. Prove CF = — CB : o |

7. In the figure, A is any point of L except T, thc common pomt of tangency of

the circles. Prove that -1}—12 = _‘i(_:_
AD AE

8 . M is the midpoint of a chord AB of a given circle; C is any point on the major
arc AB and CM meets the circle at D. The circle tangent to AB at A and
passes through C cuts CD at E. Prove that DM = ME. |

9. Two circles intersect at A; B; X is any point on AB produced; a circle centre
X, cuts one circle at P, Q and the second circle at L, M; XP XM cut the
circle PQA, LMA at S, T. Prove that PS = TM. ' :

10. A brick 4 cm thick is placed so as to block a carriage wheel. If the &istance of
the brick from the point of contact of the wheel and the ground is 10 ¢m, find .
the radius of the wheel. ‘

IOCm '

8.2 Concychc Points and Converse Theorems

In-the Grade 10 Text, we stated and proved a corollary that, no circle
contains three different collinear points. In other words, any three non collinear .
peints lie on 2 circle. Since any three non collinear points determine a triangle, a
circle can be drawn through the vertices of a triangle.
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Three of more points that lie on a circle are called "Concylic Points"

A tnangle or quadnlateral is cyclic if there exists a circle that contains all of
its vertices. :

We can restate the above corollary for triangles as follows:

“"Every triangle is cyclic" '
Theorem 7  (Converse of Corollary 1.1)

If a straight line joining two points subtends equal gmles at two other points
-on the same side of it, the four points are concyclic. = ,

Given:  Straight line AB subtends the equél angles o and § at the points C and D
on the same side of AB. .
Prove: A C D, B are concyclic .
Proof: Let the circle through A,C,B be drawn.
If this Odoes not pass through D, the~ D must be elther 1ns1de or outside
the O:
I D lies inside- QACB [Flg 8. I7(a)] produces AD to meet the

cxrcumference at E.
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JoinEB

.o =8 (in- the same segment)
- But o =8; . {given)
AN B = 9 ' -

which.ié imposéib:l'el, since DB and EB are not parallel.
. D cannot lie inside OACB.

In the same- way. it can be shown that D cannot lie outside OACB
[Flg 8.17 {c)].

Hence D must be on‘the circumference of OACB [Flg 8.17 (b)],
.. the points A,C,D,B are concyclic. . ' :
Theorem 8 (Converse of Corollary 1.2)

The circle described on the. hypotenuse of a rlght-angled tnangle as diameter
passes through the opposite vertex. - :

B Fig.8.18

Given: nght-angled A ABC w:th OBEC described on hypotenuse BC ag
‘ diameter.
Prove : OBEC passes through vertex A.
Proof:  ~ Take any point’D on the mrcumference and on the sairie 81de of BC as
A.Join DB, DC. - '
0 is art. angle (angle in a semfclrcle)
¢is art. angle (glven)
' 9- = ¢ o

_ B,D,A,C are concyclic (Equal angleé s_ybtend_qn fhe 's‘;.i‘me side of
. O BEC passes through vertex A.
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Theorem 9 (Converse of C. -2llary 1.3) .
If a pair of opposite angles of a quadriiateral are supplementary its vertices are
concyclic.

CFig 8.19
Given: Quad. ABCD, in which o and 'y are supplementary.
Prove: A,B, C, D are concychc
Proof: Let the O through B, C, D be drawn. Take any point E on the
* circumference on the same side of BD as A.
Join EB, ED.

E, B, C, D are concyclic.
B and y are supplementary.
But @ and y are supplem_ehtary_; . {given)
. cuo=p .
~B,AE,Dare concychc (Th. 7)
- A lies on the arc BED, i.e, onthe © thfough B,C,D;

~ A, B, C, D are concyclic.

Theorem 10 (Converse of Th.5 and Corollary 6.1) -

If two line segments, AB and CD intersect at a point P internally or
externally, such that AP . PB-= CP . PD, the four points A, B, C, D are concyclic.
Example 1. 7 '

From the figure with respective given measures of angles, prove that
BCEF is a cyclic quadrilateral.
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Proof: £ CED= £ AEF = 180° - (85° +40°) = 55°
Z BCE=55°+30°=85°= £ AFE |
But £ BFE + Z AFE = 180°
.. ZBFE + /BCE=180°
Hence BCEF is cyclic.

Example 2. _
- ABCD is a parallelogram.
', Any circle through A and B cuts DA
and CB at P and Q as shown.
Prove that DCQP is cyclic.

Proof: o= 0
(Subtends on the same arc PB) Fig. 8.21
Since ABCD is a ||gm (parallelogram), & + & = 180°
6 +3 =180°
Hence DCQP is cyclic.

Exercise 8.3
1. When will the points P, Q, R, S be concyclic?

Myam p
0
Q 3,58 g

2. Given: 0O
Prove: (2)A,Q,P,0 are concyclic.
(b) £ OPA = Z0QB.
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3. Prove: A,B,E,l* are concyclic.

4. Given: ABCD is a parallelogram; A circle through A, B cuts BC, AC,.BD and AD at
H, QP K.

Prove: (a) C, D, P, Q are concyclic. D
_(b)C,D, H, K are concyclic.

L, M, N are the _nﬁddle points of the ~‘des of A ABC, L M
and P.is the foot of perpendicular from A to BC. 1.

Prove that L, N, P, M are concyclic. . -

IfL, M, N be the middle points of the sides of a triangle, and if P, Q, R be the
feet of the perpendiculars from the vertices on the oprosite sides, prove P, N,

Q, L, M, R are concyclic.
ABC is a triangle inscribed in a circle and DE the tangent at A A line drawn
parallel to DE meets AB, AC at F, G respectzvely Prove BFGC is a cyclic

auadri lateral

Two circles cut at A, B and through A any line CAD is drawn meet the circles
at C. D. CB and DB are joined and produced to meet the circles again at E, F.
if CF, DE produced meet at G, prove the points B,F,G,Eare concyclic.
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10.

15,

Two incongruent circles P and Q intersect at A and D, a line BDC is drawn to
cut the circle P at B and circle Q at C, and such that £ BAC = 90° . Prove that

"APDQ is cyclic. A

ABC is a triangle in which AB = AC. P is a point inside the triangle such that
Z PAB = / PBC. Q i$ the point on BP produced rich that AQ = AP.
Prove that ABCQ is cyclic.

Two circles intersect at A and B. A point P is taken on one so that PA and PB
cut the other at Q and R respectively. The tangents at Q and R meet the

.tangent at P in S and T respectively. Prove that

(a) £TPR= £ BRQ

(b) PBQS is cychic. ‘
Prove: A,B,C,D and E all lie on one circle:

D

!
|
1‘

A B

In the figure, AB'is a diameter and CD is the tangent at B.

Prove that AC . AG=AD . AH.

In AABC , AB = AC. Pis a‘_ny‘ point on B, and Y any point on AP. The

" circles BPY and CPY cut AB and AC respectively at X and Z. Prove XZ//BC.

In the figure, PBX and QBY are segments and L?AB = £ QAB. Prove that
PQXY is cyclic. - o o
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ib.

7.

18.

19.

Prove fhat the quadnlateral formed by ploauc,mg the bisectors of the mtenor
angles of any quadrilateral is cyclic.

ABC is a triangle, in which AX , BY, CZ are the perpendiculars from the
vertices to the opposite sides. if the perpendiculars meet at O, prove that
AQ.OX =BU.OY=C0O.CZ. o
AB is a diameter of a circle and E any point on the circumference. From any
paint C on AE produced, a line is drawn perpendicular AB, meeting AE
produced at D. Prove that AE. AD=AB. AC.®

From any point D on the base BC of A4 ABC a line is drawn mesting AB at E

‘and such that £ BDE = £ A, Prove BE . BA=BD.BC.

'SUMMARY

7 Alingles in g Circle

Z LC= Z | =0 : .
LA+ LC er. S ‘ . L,vd‘}?T:B



0 =¢ <=>arcPBQ=arcSCT
Product Pmperties of Circles

AP.PB=CP.PD PA. PB = PT’ PA .PB=PC.PD
Concyclic Points and Converse Theorems o

a= $=>A,C,D, B are concyclic. _ a+-y—~'-—'180“’ < A,B,C,D are coneyclic,



CHAPTER 9

Areas of Similar Triangles
9.1 Areas of Similar Triﬁngles

We have learned in the Grade 10. Text the relationship of the sides,

angles and other segments of similar triangles. Now we shall compare the areas of
similar triangles. '

Theorem 1

The areas of two similar triangles have the same ratio as the squares of
the lengths of any two corresponding sides.

D
i
|
1
]
[}
1
_ _ Fig. 9.1
Given : Similar As ABC, DEF in which BC, EF are corresponding sides.
Prove : a (AABC): a (ADEF) =BC? : EF’
Proof: Draw AM.L BC and DN L EF.
«(AABC) _ }/ BC.AM pc aM
a(ADEF) / EFDN EF DN
But A ABM ~ ADEN (+ 4B =4B, ZAMB = «

DNE) -
. AM _ AB _BC
"DN DE EF

o(AABC) _ BC BC _BC’
" o(ADEF) EF EF " EF

ie., u (A ABC): a (A DEF) ™ BC” EF2

63



Coroliary 1.} ' .
The rio of the areas of two sirailar triangles equals to the rativ of the squares
of any two comesponding «Hitades. '

Fig. 9.2

=
=

D
i_]
N

] R RORREERS Y

a{AABC)  AMT

o{ADEF) DWW

AABC~ADEF =

Corollary 1.2 , _
The ratio of the areas of two similar wiangles eguals to the ratio of the squarss
of any two corresponding mediags.

D
M L |1. E - — F
S c LQ Fig, 9.3

C{AABL) AP’

AABC ~ ADEF = : .
«(ADEFy . DG

Coroilary 1.3 _
The ratic of ihe arezs of two similar triangles equals to the ratio of the squares
of any two corresponding angie visectors.

Fig. 9.4
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a(AABC; _ AR’

1
AABC~ ADEF=>

a(ADEF; DS’

Exampic 1. The areas 0?_ - @ Similar tiangles ars 56.25 sq.cm. and 42.25 sq. cm.
respectively. Find the ratio of theit altitudes.
. X

Q(AART)  AM?

a(ADER)  DN?

AABC~ADE? =

5625  AxT
4225 DN
225 _ AM?
1695  DN?
AM  _ 15
DM 13

e, AM:DM =15:13

E.x:eple 2. AABC is an isosceles right triangie with £ A the right angle E and D
arz puints on opposite side of AC, with E on the same side of AC as B,
such that AACD and ABCE' are both equilateral. Prove that
a (ABCE)y==2a (A ACD).

E
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A ABC is an isoscelés right"triangle withit. £ atA.

Given:
A ADC and A BCE are eqmlatera! As
l?fove: o (A BCE)=2a (A ACDY -
Pmof": Sm'cq A BCE gnd A ADC are equilateral, they are similar.

_ a(ABCE) _ BC™.
" GAACDY  AC?
I iznsceles it. A BAC, BC = JEAC

a(ABCE) _ (v2AC)’ _
a(AACD) - AC
- Hence 0 (ABCE) =20(AACD).
Now we will state some results which can be proved easily and are useful.

Statementl The ratio of the areas of two parailelograms having equal bases
(altitudes) equals to the ratio of the corresponding altitudes (bases).

X ‘ C S "R
A LA/
Fig. 9.7 |
In parailelograms ABCD and PQRS, ifbase AB = PQ, then
®(ABCD) _ DE '
 «PQRS) ST
In parallelograms ABCD and PQRS; if altitude DE = ST, then
a(ABCD) _ AB : _
a(PQRS) PQ

Stanem..mt II: The ratlo of the areas of two triangles having equal bases (altltudes)
equals the ratio of the correSpondlng le)lltltudes (bases).




o{AABC) _AM .
a(ADEF) DN

#(AABC) _ BC
a(ADDF)  EF

In AABCand ADEF, if bases BC =EF, then

In A ABCand A DEF, if altitudes AM =DN, then

Example 3, Ina given circle PA is a tangent segment and PBC is a secant segman!

R :
Prove that ABZ =B
cA® PC
Given: In ©O, PA is.a tangent segment and PBC is a secant segment.
. AB* PB
Prove: T =—
- CA* PC
Proof: Draw AD L PC.
In A PARand A PCA
o= ' . (angle between tangent & chord = angle in the
- alternate segment)
LP=LP {common <) -
A PAB~APCA (AACor)
AAPAB) _AB* .
'a(APCA) CA®?

But APAB and A PCA have the same altitude AD.

o(APAB) _ PB
4(APCA) . PC,
_AB’ _ PB | | j

== _ : A |

cA* o PC
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10.

(b} @ (AAPQ): @ (BCQP) -

Lxercise 8.1 -
The bases of two siwilar triangles are 2.5 cm and 3.5 cm, respectively. The
arca of the smaller irtangle is 3.75 sq. cm. Find the area of the larger triangle.
A straight line drewn paraliel to the base BC of A AR cuts the sides AB, AC
in the ratic 2:3. Tind the area of the manblc thus cv- off, f the area of the
whole triangle be 72.25 sq. em.
A ABGE is bisected by a line PQ drawn parallel to its bGSf BC. In what ratio
does PQ divide the sides of the triangle?
In trapezium ABCD. AB is twice DC and AB/DC. If AC, BD, intersect at O,
prove that a(A AOB) =40 (ACOD).
Two chords AC, BD of a circle intersect at O. Prove that
al A AOB): (A COD) = - OA? 0D,
ABC i 1s a triangle, and BE , CF are the f;.,r)vldw tars drawn to the sides AC,
AB. Prove that ¢ (A ABE)}: o (AACF)= ABZ. ACL |
PA and PB are the tangent segments at A and B to a circle whose centre is O.

DSrove that o {A PAB): ¢ (A OAB) = AP*: AO
‘o the figure £ AQP = £ B. Find the length of PB and the ratios

(a) o (AAPQ): @ (AABC)

In AABC, D is a point of AC such that AD = 2CD . E is on BC such that
DE//AB. Compare the areas of ACDE and A ABC. If o (ABED) = 40, what
15 O (AABC)?

In the figure, CG L AE, DH L BE d—Eﬁ"—‘—E—:E .
EC ED C
IfCG=6,DH=83ndAB=35. ‘ _ :
. ) V H‘
_ ATG |
... O(AACE)
Find (a) ————— (b) o (A BDE)
of ABDE) -
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[,

18.

19

20.

21.

ADX and BCX are two segments such that
«(AABX) _ AB:

-

ZBAC=/BDC. Prove that Z
a(ACDX) CD-

ABCDisa segment and P a point outside it such that
Z PBA =2 PCD = ZAPD. Prove that

a(AABP) _AB’ o :
a(APCD) BP*~ A =

ABCD is a trapezium in which AB//Cl) and ZADB = £C. Prove that
AD™: BC* = AB:CD.
In APQR, £ZP=90°and PS LQR. IfQR = 3PQ, prove that SR = 8QS.

ABC is a triangle such that BC : ‘CA:AB=3:4:5.1f BPC, CQA, ARB are
equilateral triangles, prove that o (& BPC)+ a (A CQA)= o (A ARB).
A ABC is inscribed in a circle. Straight lines are drawn through B and C parailel
to CA and BA respectively, to meet the tangent at A in D and E. Prove that
DA _ AB _APB '

AE EC AC*’
In A ABC, AD and BE are the altitudes. .
If & (A DEC)= % o (A ABC) ,prove that £ ACB = 30°.

A, B, C, D are four points in order on a circle O, so that AB is a diameter and
ZCOD =90° AD produced and BC produced. meet at E.
Prove that o (A ECD) =« (ABCD).

ABC, AD and BE are altitudes. If ZACB = 45° . prove that
a {ADEC) = o (ABDE).

A, B, C, D are four points in order on a circle O, so that AB is a diameter.

AD produced and BC produced meetatE. If o (A ECD) = a{ABC D)

prove that DC = V2 AO.

In APQR, QR = [6cm. The point Y on PR is such that PY = 3cm, YR = Sem.
The point X on PQ is such that XY//QR. Find the length in cm of XY If

OL(APXY) 6 cm’, then find o(QXYR).

1
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22,

24.

25.

Areas of Similar Triangles .

. Inthe ﬁg‘ure AB = 6cm, AC = 9cm, and D is a point on AC

- ABC is a right triangle with A the right-angie. E and D are points on opposite

side of AC, with E on the same side of AC as B, such that AACD and ABCE
are both equilateral. If OU(ABCE) 2 a(AACD), prove that ABC is an
isosceles right triangle. ' o - o

The chords XB and AY of a circle intersect at S. If XS = 4cm, SA = Scm, then
prove that AXYS ~ AABC, and hence, find 0(AXYS) : o (AABS).

ench that £ ABD = £ ACB. Calculate AD. Given that
(AABD) = 10cm?, calculate o(AABC).

In the diagram, P is the point on AC, such that AP =2 PC,
R is the point on BP such that BR=3 RPand QR // AC '
Given that a(ABPA) = 32 cm?,

calculate (ABPC), 0(ABRQ).

SUMMARY

o - Cc . E - *F
A ABC~A DEF = @ (AABC): o (A DEF)=BC?: EF’
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a(AABC) _ AM?

A ABC~A DEF =

o(ADEF) DN’

a(AABC) _ AP?

A ABC~A DEF =

A ABC~A DEF =

a(ADEF) DQ’

@(AABC) _ AR?

1

o(ADEF) DS§?



_ CHAPTER 10
Introduction to VeFtors and Transformation Geometry

10.1 Geometric Vectors :

A quantlty that has only magnitude is called a scalar quantlty Examples of
scalar quantities are mass, time, energy, length, area, “density and volume. A quantity
that possesses both magnitude and direction is calted a vector quantity. Examples of
vector quantities are dlsplacement veloc;ty, ‘acceleration; force, pressure and

momentum.
A vector quantity can be presented by a line segment with the direction
specified. It is called a geometric vector. For example, the directed line segment in

. =
Fig. 10.1 represents a vector. The symbol AB is used to denote the vector. The point
A is called the initial point and the point B is called the terminal point.
| B

Fig. 10.1

‘Vectors will also be denoted by smali letters 2, ? , <

Definition 1
A geometric vector 2 is a line segment with a specified direction. The
PO - — - .
magnitude of @ is the length of @ and denoted by |2’ |, and this 15 read as the
- modulus of 7.

nrcoe '_)' oy . 2 . SO
five-of AB: igalso wniterrds | AB| o7 simply ss AB.
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Definition 2
Two geometric vectors are said to be equal if they have the same magnitude

and the same direction. The symbol ' = ' will be used to indicate this equal
relationship.

For example, if ABCD is a parallelogram,

B C
- — : D
then the vectors AB and DCare equal and
— -
the vectors BCand AD are also equal.
‘ e
We write as AB = DC and BC= AD. Fig. 10.2 .

Definition 3

A geometric vector which has magnitude equal to zero is called a zero vector

and denoted by 0.

Definition 4
" A geometric vector having the same magnitude as @ buta direction opposite

to that of Z is called the negative of @ and denoted by — a.

- -
. Note that AB =—-BA..

ol
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_DefinitionS |

For geometnc vectors 3 and D , 2+ B is the geométric vector having as its
initial point the initial point of 7 and as its terminal point the terminal point 6f T)’,
_whére the terminal point 6f 7 s the initial point of. B. The gecemetric vector
2+ iscalledthe sumof 7 and © . | |

Ifa = AB and B = BC ,then 2+ = AC. See Fig. 10.4. Since a triangle
18 fpmed by? ; D and T+b in-Fig. 10.4 (a), we say thét geometric vectors are.

- . 2 =
added according to " The Triangle Rule : AB+ BC= AC."

ol

+.

ol
ol

(b)

(a) _
Fig. 10.4

Fig. 10.4 (b) and Fig: 10.4 (c) show the sum Z+D,if A, B and C are
collinear. ‘ | .
‘ a
Note that 2 +(—a)=ﬂ=(—_a>)+?. " /
. e
om the propernes of a parallelogram we have that if 7 and B have the

same initial pomt the sum 2 + Tisa dxagonal of the parallelogram with adjacent

sides @ andB.If 7 = ABand [ =AC,then ¢ + b = AthereABDstthe
parallelogram. See Fig. 10.5. Therefore we also say that geometh‘c vectors are added

e ‘
accordmg to ' The Parallelogram Rule : AB +AC= AD ",
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Fig.10.5

Now consider the addition of three geometric vectors E’, b, .

- - ~>
Let AB=7, BC= b and CD=7.We have

and consequently

e
2+b+C = AC+ CD=AD.

Thus the vector sum is the vector obtained by joining the initial point of

@ to the terminal point of T as shown in Flg 10.6. -

D

' Altemétivcly,
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In the same manner, we-can deduce the following rule.

- Polygon Rule of Vector Addition
If AlAsAs... Ay isa closéd polygon, then

. .
—

e s -
A1A2+A2A3+A3A4+-———+An_1Aﬂ =A1An'.'

A

(@  Fig.10.7 ®)
If A,and A, coincide, then

_)
l-_-O.

- —
AIAZT*" AQ'A3+ A3A4+ SR o An-——lA

176



Example 1.

‘ . U - = =5
ABCDEF is a regular hexagon. If AB= b , AF= 3, find BC, CD, DE
- .

-3 .

andEF intermsof Zand B .
[All triangles formed by joining the common point of intersection of the
diagonals to the vertices of the hexagon are equilateral , and opposite sides. of

the hexagon are parallel.]

Solution | |
Let G be the common point of intersection of the diagonals.

. 5 ' D
BC=AG=Z+1b
-2 - -
CD=AF = a F c
DE= BA=—-AB=-1 a
e S . A > . B
EF= CB=-BC=—(7+5) b

Fig.10.9

Deﬁnitim; 6 |
For geometric vectors 2 and B , 2-b isthe geometric vector defmed by
2-b=a+-D). |
Thé geometric vector a ~¥ is Eal,led the difference of 2 and D .
The construction ofa ~Bis shown in two ways in Fig. 19.}0.
If 2= .?Band §=AT(>3, then

) - - - = -—)k . :
#-5 =% +-b)= AB+(-AC) = AB+CA =CB. Sec Fig. 10.10



. - : :
(a). We can also draw AD to represent ~%. Then

- = > ﬂ " .
AB=AB +AD = 7+ (-5)=2- b, See Fig. 10.10(b).

- -
Observe that CB=AE.

Fig. 10.10

From Fig. 10.10, we can see that P+(Z-b)=2.
Definition 7

~The product of a geometnc vector @ by a scalar k, denoted by ka is a
geometric vector whose magmtudc is | k | times that of a, and whose dlrcctlon is the .

same, or opposite to that of 7 a , according as k is posxtlve or negatwe.

Fig. 10.11
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Notethat 17 =2,07 = 0 and -1 ?=—?.
The scalar multiplication obeys the following laws.

. . ’ Y . )
Ifk; , k; are scalars and, 2, b are geometric vectors, then

() k(@ )y=(kikz) @~ (Associative Law)
(i) (a+k2) T =k T +k, 2  (Distributive Law) .

. -(iii) k;( 2+b Y=k 7 +k B (Distributive Law)

Two geometric vectors are said to be parallel if they have the same
direction or opposite directions regardless of whether or not they have the

same magnitude Thus 7 and -l:? are parallel if and only if _a)=k'T)) where k .
« isascalar. Ifk is positive, @ and b are in the same dlrectlon Ifkis negatlve

Fe and b arein opposue dxrectlons
Consequently, it can be seen that the points A,B and C are collinear if

1

-2 2
/ and only if AB=kBC, where k is a non-zero scalar.-
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Exampie 2.
__)

OPRQ isa parallelogram and OP is produced to S such thatOS 30P

If X is a point on PR such that PX ——2 XR show that the points Q,X and
S are collineay.

Solution

- -
Let OP = @'and 0Q =1

_ - —
Then os- =37 and Ps=2‘$.

Since PR =T we get
- -
PX=2F,XR=~-7. |
3 3 - Fig. 10.13
Now, we have
L e e )

SX=SP+PX = 23’9%

and

Thus
— SN
SX=2(-%7 +-§ ¥)=2XQ
Therefor¢ Q, X and S are collinear.

Theorem 1

Let % and b be non_-zéro and nen-parallel vectors. If ha = kD then
h =k=0. '
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Proof

Suppose that h % 0.

Then 3 =— 1.

= s

Hence @ and b are paraliel.
This contradicts to the hypothesis of the theorem.

Thus h must be zero.
Thenkb=h7 =07 =

Since [ 5) , k must be €10,
Therefore h=k = 0.
Corollary 1.1 .

_)
Let 7 and b be non-zero and non-parallel vectors.

Ifh?+kb=mz+nb thenh=mandk=n.

Proof
f ha +kb =m% +0b ,weget

th-m) T=m-K D.
By Theorem 1,
h-m=0andn—-k=0
which give h=mand n=k.
.

Example 3.

tis given that © =5% +45,V =3% -band W =(2h-k) @+ (@+k+
3) "‘5}, where @ and D are not parallél. If W=2T -3V, calculate the value of

520)

handofk (7 # 0,5 #
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Solution w=27 -3¢V
=2(57+4%)-337-9)

(2h-k) T+(h+k+3) B=T+11 B
We have 2h-k=landh+k+3=11"
Solving these equations, we get
h=3andk=5.

S Exercise 10:1

= A N = .
1. Inthe figure OA and OB represent the vectors @ and b respectively.
If M is the midpoint of OA and B is the midpoint of ON , A
. - - | ’ _> -
write down BM and MN interms of @ and b .
M

O ]3 | N

A g A | .
2. In the figureOB =band OC= ¢ .Make the points E and F such that

- -
OE=—"b, OF=-27.Find intemsof ® and ¢, g

1
2

- - -
the vectors EC,BFand FE.
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3. Express the following vectors in terms of ?, q, 7,7 as denoted in the
figure. - C '

- - . -
()“AC - (i) AD (i) BE

—
If F is the mig)oint of AE

find:

E
(iv) 1-3—;3 (v) l;_é (vi) PTE) ‘ 'A F

i : - -
4, ABCDEF is aregular hexagon. AB =2 and BC=b.

Express the followings in terms_df 2 and®b .
= — - - ~
() CD (i) EB (iii) FD (iv) AE (v) BF- -

S.  ABCDEFGH is a regular octagon. If AB a', BC = b , find in terms of a',

N - = = 5 =
b, the vectors CD,DE, EF , FG, GH, HA. -

3 = - -
6. Inthe figure, AB =27 , BC = b and DC=k 7,

where 0 <k < 1. Given that X and Y are the D lg? C
: 7
midpoints of AC and BD respectively,
' ' B X b
express each of the vectors AX , BY and
5 .
BX intermsof @ and b . -
' A “ 4 B
k 28

o -
Hence show that XY =(1 - E) a.

' | T
7. If P is a point inside a parallelogram ABCD, prove that PA+PC=PB+PD.
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10.

11.

12.

13.

: -2 o
In AABC, BP = PC and CQ=

(i) X, Y,Zare collinear.

- ] o
gCA.

e e A 4 ~
Prove that 2BC + CA + BA =6 PQ.

' ., ‘In the quadrilateral OABC, D is the midpoint of BC ~ud G is a point on AD

: = = L
suchtha,tAG:GD;iZ:l.If OA =a , OB = band OC = c, express

- — ~
OD and OG in terms of @ , b and ©.

' . =2 =2 o ' —
In a triangle ABC, AB = 3 and AC = b.IfP, QandR are the midpoints

. , - = - >
of BC, CA and AB respectively, express BC , QR and PRin terms of a
and b . |
OPQR is a parallelogram and OR is produced to S such that OS =3 OR. If Y

— =,
is a point-on OQ such that OQ =4YQ, show that Y lies on PS.

In AABC, AB = BC.-CB is produced to Z stch that BC = BZ. X and Y are
the points on AC and AB such that AX=XC and BY = %—-BA. Use a vector

method to prove that

(i) YZ=2XY.

10

Z B
- "

It is giventhat @ and b are not parailel,

If3?+x("b?—e?)=y(?+2l_;), ﬁndtﬁevalue.s of x and y. (? #* 35} # 3)



14. Given thatP=27+35,q = 4?'«—?_apd P=ha+Gh+k) b, where 7
é - O . ) ] ) \- ) 4 .__) .
and b are not parallel, calculate the value of h and Qf kwhen2p=3q-4

Y
T (=0

_b) # _6))
10.2 Applications to Elementary Geometry -

So far we have developed the algebra of vectors using geometrical arguments;
we now reverse the process and show that the, algebra of vectors. may usefully be

employed to prove some results of Euclidean geometry by usmg geometnc vectors.

Example 1. . .
Show that the diagonals of a parallelogram bisect each other.
C
Solution
2 - Fig.16. 14

oo A SN -
in the parallelogram ABCD, let AB =a, BC = b .Then DC = a" and

AD =’ b Assume that M is the mldpomt of AC and N is the midpoint of BD. -

= e
AM=_ AC=— Lz+%)

DB = DA+AB=-B+3
I :
pN =L pB =1 (7.%)
2 2 o
e :
AN = AD+DN= E’,+%_(E’—'I?)-—-l(?+'ﬁ>) ,

2

- -
| Thus AM = AN.
This implies that M and N are the same point.
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Exgmple 2. .
Given:- Quadnlateral ABCD w:th P Q R, s”
- . the. mldpomts of the respectwe mdes .

Prove PQRS isa parallelogram o
Proof: By the polygon rule of vector addition, we have *.

-3
AB+BC+CD+DA

1

3 .

o .

""’“"2PB+2BQ+2RD+2 DS =0 - B

2(PB+VBQ) +2(RD +D8) =7

i .._) "eT) Cvien SR -
T S Fig.10.15

PQ =--RS

___) .

PQ '

-PQ=SRind PQ ASR.. .
.e;-;_Hean PQRS is a parallelogram. '
o 4 S B e
N Exercise 10.2 =
1+ Inthé figure MC =2 MAdnd MD=2MB. < * oo L

Prove by a vector method that DC/AB | :;;- A

D
and DC =2 AB. (Hmt Let AM 7 and MB b )

2. If P is the midpoint of the side CD of the parallelogram ABCD prove by a
vector method that DQ % DB ' '
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Given: E is the point on the side BD of the AABD; DE =-}‘-DB,A_BIIDC and

: — —
DC=§AB. AB= 127 ,AD=47.

Prove: BC//AE .

In AABC, D is the midpoint of BC, and AD is produced to_E;_such that

- - :
" AE=2AD .Prove by a vector method that CE is congruent and parallel to AB.
By using geomietric vectors, show that the lin¢ segment j6ining the midpoints
of two sides of any triangle is equal in length to half and parallel to the third

side. . ~. v , _
Prove; by a vector method, that if the diagonals of a quadrilateral bisect one

- another, then the quadrilateral is a parallelogram.

-In the figure ABCD is a parallelogram and DM = MN = NB.
Prove by a vector method that ANCM is a parallelogram.

(Hint: Let DA= 7 and MD= T .)

In the-ﬁgufe, P,Qand R afe points on the sides of AABC such that
BP=2PC,QA=2CQ and AR = 2 RB. Prove by a vector method that PQRBisa

: A N - -
parallelogram. (Hint: AB + BC+ CA = 0 and AB =3 RB,,...)

A

B P C
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A The medlan AD of A ABC is produced to K $6 that DK =
If AG=-§ AD, prove~_that BKCG is a pardllelogram. = -

10.3 Pomtion Vectors o
The position of the point A

relitive fo the origin O is denotéd by OA .

R I S TN IUUE T TE U T TS S PO TR PRV
This vector OA is called position vector . .. -

BRI SOy Gtk _}
of A.OA can also be represented by a’ . N .
| . = Fig.10.16 R

Thus, given the origin 0, we. may ‘refer to all pomts in the plane by their
position vectors relative to this:origin O: * - : Coe

To every geometric vector there corresponds a posmon vector of the same
magmtude and direction. . Ce : S et

et

G

-1

' Fig. 10.17
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A vector between two points A and B can be expressed in terms’'of* thelr
position vectors. From Flg 10.16, we have; |
' - 3 o ‘

OA + AB = OB
S50 o
.AB = 0B-0A
-%-7
o —3 : s
Similarly, BA =2-b
~
Example 1.

The position vectors of three points P.-Q and.R, rélative to an origin O, are
— -
9% -4% , =37 " band57 30 respectively. Express PQ and QR in terms of a

and D . Are P, Q and R collinear?

Solution
h —~> p—_— -
OP =97-4% , 0Q =-37-b , OR=52:3%
— - - '
PQ =0Q-OP
=(37-5)-(97-4D)
= -12743% = -3(47-F)
QR .=OR-0Q
=(52-3b)-(-37-F) =87-2% =247-%)
2PQ =-3QR
- 3 —
PQ=~> QR

Thus P, Q ani R are cqlliﬁear.

189



Example 2.
" Giventhat OP =27 +B, 0Q =33’—2%’ and OR =h? +5%, find,

in terms of 7 and b the vectors PQ and PR If P, Q and R are
collinear, find the value of h. ’

Solution
OP =2%+F, '__0—6?3?’—23, OR : -ha+5b
PQ ———';'66-6% = (3728)-27+%) = 3%

N I;ﬁ):éf{_(-)-})) _-‘=f(h3?+5}5’)~(-2'?+“5’) T
- = (h=2)F+4T N

If P, Q and Rare co]lmeal ,' -
PQ" =ik PR " where k is a constant, S
R:3B=K(h-2) F+4b] = k(h-2) T+4kD
By Corollary 1.1, we have oo I
" k(h-~2)=1 and 4k=-3.
.Splvinlg these 'equations, we get -

R
3

: Now, we wxll estabhsh a result known as the Sectlon Formula This formula
enables us to wnte down the position vector of a point on a given line segment

'l'hoorem 2 (The Secﬂon Formula)
'If APB is:a line segment, with AP : PB=m : n, and if the position vectors of

A,P.B relative to an origin O, are 7, _p . b respectively; then .
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Proof
; _i;)—??.
_)
AP -2
From AP_ - m .. , we have .
_ 'PB n
AP f. _ m
AP+PB m+n
_é._Pi. = N m -
AB m-n
o 5 "
Thus AP = —— AB, andso
m-+n B
i . 2 (F-7)
m+n
If follows that .- N e
P = —@Bead)
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Corollary 2.1 (The Midpoint Formula)

(7 T:’)'

IfP is the midpoint of AB', then P = %

4

where E" ” '_a-,), D are the position vectors of )P, A, B, relative to an origin O.

respectively. ’
Proof . L
Sinpe AP =PB, we have -
AP:PB=1:1=mn.
Thus
-3 1 - 1 —_ T
p=——(bta - +b).
p=—7 GbHa)y=-(a+b).
Example 3. '

If OA =7, OB = b ﬁnd the pOSlthD vector of R in terms of a and b if
R divides AB in the ratio (i) 1:2. = (i) -5:2."" _

Solution

Let r be the position vector of R r_elat:ve to O.

= ——(1b +2 = = d b
(1) r 142 ( | a ) 3 a 3
(i) T _—._,514-_2(_5?@?);-_ _i_?_‘__j_-g
Example 4-‘ ) .: L - _ i /

The position vectors b_f three'point'saA, B and C, relative to an origin O, are
3p+27,-5p - Xt {aﬁd;4:;3-’.';;'—-'??.resj:e&ively. The midpoint of AB is

—

- M and the point N is such that AN= C Find MN in terms of p and

LDV
3

Y
q.
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Solution

— — T T S
OA =39 +2¢,0B=-5p -3¢,0C=4p -q

M is the midpoint of AB.
2 1 = =
~OM = - (OA+OB)
S E
=§(33+2€_53"33) = ‘3—5?1)
- I1 T U
AN =24AC = 7(0C-04)
Lup -7 -2d) =577
- - -
ON = QA+AN
=3p +2'q+'§ P—9q —?p-f-q
‘ :‘. % ' _) l'% .-. ' .. . 1 )
Thus MN= ON-OM = (%9 "[5’+21*)_(_'P5’_Ea>)=_13§ 3*%?1)

Example 5. .
Prove by vectors that the medians of a triangle are concurrent.”
Proof N ' ' o '

Let D, E, F be the midpoints of BC, CA, AB
respectively. ‘

- Referring to an origin O, let -
- - -
OA =7,0B=b,0C=C.
Then v - S :

% .
0D = 2(B#T).

' Fig.10.19
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If G is a point.on AD such that AG: GD=2:1, then.
O e v
0G =——(20D+10A)
- 2+ o
= %{2, %('8’4-‘6’ * 2) -
Similarly, if H and K are points on BE and CF, respectiveiy, such that

BH:HE = 2:1=CK:KF, we can show that

= 1 _ |
OH =§-(“£’+E’+?) and OK =%—(‘a” +B+7).
e
0G = OH =OK

It means that G, H and K are identical.
Hence the three medians micet at one pomt

Note:
The point where the medians meet is called the centroid of the given triangle. .
Exercise 10.3
L The posntwn vectors of P ,Q and R w1th respect to an ongm Oare3 B4+5C -2

@, 242 b +3¢C and 7 2 - € .Arethe points P, Q and R collmear"

3

o]

The position vectors pf A, B _and Care 29-9,kP+9 and 127 + 4?1’
respectively. Calculate the value of k if A,B and C are collinear. '

(W3]

- = . . .
The position vectors of A, B and C arg? , b and T respectively. Find < in
~terms’of 7 and b for each of the following cases.

‘-—> [T O

(1) 3AC CB (11‘ 3 B {11i) AC ———ZCB (iv) AB =4BC
4 The position vcctors of points P and Q relatwe to an ongm Oare22 +5 B

and 3275 respectively. R is a point on PQ such that PR: RQ =1:3. Find

“the position vector of R, relative to O, in terms of 2 and b .
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5. The position vectors of A, B, P are 2.0 7. In those cases where A, B, P are
collinear, calculate the ratio AP : PBif 7 has the following values.
(1) 1 (Z2TB) (i) 1 G2 -B) (i) 1;’._23’
3 2 - : 5 5 ‘. -
6. In the quadrilateral ABCD, M and N are the midpoints of AC and BD
' e s e -
respectively. Prove that AB + CB + AD+ CD =4MN.
7. In the diagram, P is the midpoint of OA and Q lies on AB such that AQ=3
= - — . '
QB. Giventhat OA =5% and OB =107, expressinterms of s and T,
— - — — |
(i) AB (i) BQ = (iii)) OQ (iv) BP.

— — - - :
- Given that BG = A BP and OG =p OQ, evaluate A and p. .

e ' 5
8. In the diagram, M is the midpoint of OP, and, Q, the midpoint of OY. OP=2

_ - :

2 and OQ=6T)). Express in terms of 2 and 5.
T

(1) PQ (i) OY (i) MY .

- — - -3
If XQ= A PQ and XY= p MY,

evaluate A and .
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9" * - Points A'and B have pésition vectors: 2 -and b réspectively, relative to an
ongm 0. The pomt C hes on OA produced such that OC 30A and D lies on
OB such that OD e OB Bxpress AB and CD in terms of a and D . The
line segments AB and CD mtersect at P.IfCP = h CD and AP =k AB,

© 1 calculate the values of b andk. -

10.  If G is the centroid of a“-'tﬁanglé:}\BC,f show .that -

o s s S
(i) AB+HAC=3AG- - ¢ (i) GA+GB+GC=0 -
10.4 Two-Dxmensmnal Vectors -

By takmg coordinate axes, we can express any gwen posmon vector by the

X
] is used-to denote the

coordinates (x, y) of its tenninallpo'iiit'. A column matrix (
' y

corresponding position vector. Thus, if A, is the point (X, y),

Ch=7- ["] | A
y
y ........................... ./A- (x,y)
-
35 +=—>X  Fig.10.20
Definition 8 .

A unit vector is a vector whose magnitude is 1.

The unit vector in the direction ot & , denoted by 4, is given by ‘.

o E’—l .
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In Fig. 10.21, the coordinates of I and J are (1,0) and (0,1) respectively. Thus

- . (D = . (0
Ol =1 = [0] and’ Q) = j= []]

We note that i and j are of unit length and parallel to' the X-axis and Y-axis
respectively. The vectors i and 3 are called unit vectors in the positive direction of
the X-axis and Y-axis respectively.

I

YA

o ?I' X v v BB ' , >X

Fig. 10.21

Any vectors in the plane can be expressed: in cerms of i nd j.IfAs the point (x,

y), we have * Y;l\

SO0 [ L

s - ' — >X
=xi+y]. o ol 33 >

et

From Fig. 10.22, it can be seen that o :

- e = B

o

0A| =| 7=
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. Hence

Example 1.

.\ '
> L IfP=(G4),R=(82)and O s the origin and OT = OP +; OR , find the

coordinates of the point T.
Solution
Let T = (x,y)
—~ . =] .
or = 0P+E OR
X) 3 1 {8} 7
L = + = =1
6 (G-
X = 7and-ly'—"5
~T =(7,5)
Examp!ez

The coordmates of P Q and R are (l 2, (7 3) and (4 7) respectlvely Find the
coordinates of S if PQSR is a parallelogram. ‘

Solution "
Let the coordinates of S be (h, k).

_)_. 1 .--9'_ Al —a'__ 4 —'->;_ hf‘
=[5} () SR}~

: — ﬁf
Since PQSR is a parailelogram, PQ = RS.

wn
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h-4 = 6and k-7 =1
ie. h. =10and  k =8
The coordinates of S are (10, 8).

Note:
Previously we have met the two equivalent definitions of addition of two
vectors, namely the tnangle rule and the parallelogram rule. C |

A B
Fig.10.23-

) — - =
" The tnangle rule : AB-i-BC=AC_

B
The parallelogram rule : AB+AC=AD
Fig. 10.24

Now in the case of two-dimensional vectors, if A = (x, y) then the position vector

X : N
J. We have freely
y 7 .

used matrix addition to add two vectors. We shall show that this method gives
the same value for the sum of two vectors as that given by the triangle ruleg the

parallelogram rule.

— ' -
of A relative to origin O, i.e. OA is defined by the matrix [
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Let A(x, y), B(u,v) be given. - . .~ A

o (XY = (u

Then by definition OA= [ J, OB= [ J

y)o.. . \v)
Compléte the parallelogram OACB |
o - o - ,
Then by parallelogram rule OA+OB=0C. (i

. . s In =

X O "L N 7
Y Fig. 10.25

Let the perpendiculars be drawn as shown in the ﬁguré. Since OACB is a

parallelogram it is easy to see that AOBM = AACP.

Therefore LN = AP = OM == u.and CP=BM '==‘v: Hence CN =QL+LN=x + u,

R . '_é + v ) ‘ . .. N . .
CN=CP+PN=CP+AL =v+y Thus OC= [x N U}Whlch is precisely the same
= L L \VTY,

T _
as the sum of OA and OB by_ matrix method.

Slmllarly in the case of multiplication of a vector by a scalar(i.e. a real
number) it can be shown that we get the same value whether we use the prevmus

definition 7 or multlphcatlon of a matrix by a real number

Example 3.

Ifa = 51 +4] j and b 21 - _] ﬁnd the followmg vpctors in terms of i and

_] and as column vectors

@32+2% (@)27-F (i)-T+4F
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Solution {
() 3T+20=3(i+4))+20i-])
151 +12] +4i —2}1

. . (19
= 19i+10j:()

10
(i) 27-D=251+4])-Ci-])

= 101 +8}—2; +_j =_‘8’i‘+_9"j‘ .

il
TN
L =2 4]

(i)-2+4D =-(5i +4)+a2i-J)

i

|
o0 W
——e

- =—5{-4]+8i-4] =31-8]

Example 4.

-3
The vector OA has the magnitude of 39 units and has the same direction as

- A % ' )
5i+12.The vector OB has the magnitude of 25 units and has the same

o A — — . .
+ - direction as ~3i + 4 J .Express OAandOB in terms of i and j and find the
. . . '—'+ .
magnitude of AB.
Solution
Let TJ) = 5i+12] and 'ﬁ>=—3{+4}
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e 4 - - - -
OA =3913=39x-1%(5i+12j) =157 +36]
131 =JE3r+4  =25=5

(-3i+43)

ot
fl

~OB. =25§ -'-7.25-x—;-(-"3i"+4j)=f15?+203 -

AB = 0B-0A

(=151 +203)- (151 +36])

It

~30i-16 ]

;T

1TAB| —J( 30 +(~16)° =+/1156

- Exercise 10.4
. : ‘ ‘ : - _1 - 3 —3 1

..« . The position vectors of A, B and € area - = Pk b= and ¢c=
respectively. Calculate the modulus of the vector
() T+2B+2T  (i)3F-3B+47 ()87 + 65— ¢
' The coordinates of P, Q and R are (1,0), (4,2) and (5,4) respéctively. Use
vector method to determine the cooadmates of S if

(i) PQRSisa parallelogram,
(ii) PRQS is a parallelogram.
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" The coordinates of A, B and C are (1,2), (7,1) and (- 3,7) respectively. If O is

. — - -
the origin and OC = h OA + kOB, where h and k are constants, find the

values of h and k. 7 |
AB and C are points with position vectors 1+3},2i+5) and ki ~ 4]
respectively. Find the value of kif (i) A, B and C are collinear, (ii)
| - =
|AC| =4 | AB{
N g L 4 12
The position vectors of A and B relative to an origin O are 14 and 5
| . . g 2
respectively. Given that C lies on AB and has positicn: vector t \, find the

value of tand the ratio AC:CB.

. y 5) . (3 N
Points P and Q have position vectors ! and 4 respectively, relative to
an origin O. Given that point R with position vector (thes on PQ
. produced,calculaité (1) the value of k, (i1} the value

- =
of 2PQ+OR|.

The vector OP has a magnitude of 26 units and has the same direction as

-5 —
[12}. The vector OQ has a magnitude of 20 units and has the same direction

3 -3 - - :
as [4) Express OP and OQ as column vectors and find the unit vector in

-
the direction of PQ.
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8. The three points O, P and Q are such that-OP= 3 and OQ = - . Given

that PQ is a unit vector, calculate the possible valuesofq. y

3 )
7

9.  Theé position vectors, relative to-an origin O, of the points L and M are (

and {3] respectively. Given that ON is the unit vector parallel to LM, find

the-;}osition vector of N relative to O.

10.5 Transformatxon Geometry _

Geounetry is the study of shape, pos1t10n and size. A ﬁgure which is moved to
a new position, or has its shape or size altered is said to undergo a transformation.
Matrices are able to.describe various transformations. - L -

When a plane ﬁgure is moved to a new position without alteratlon of its shape
or; size, distances between poimts and angles between lines within the figure are
preserved by this transformation. 'A. transformation in which shape is retained and
size . altered preserves angles between lines within .the figure but not distances
between points. When size is retained, thé transformetion preserves the area of the
shape. .
In a certain transformation a point P on the original ﬁgure becemes some
point P' on the transformed figure. We say that P is mapped into P' by the
transformation. We' can consider the zeometrlcal transfonnat:ons as taking ‘place in
the coordmate plane. ‘ :

‘Leta pomt P (x y) be mapped into a pomt P (x,y') by a transformanon
Then we can get a relation between comdmates as of the form

()

where A is a matrix. This matrix A is called the transformation matrix. -
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10.6 Transformations which Preserve Distances and Angles .
The Reflection Matrixs_ .o

=]
b

Fig. 10.26

When the reflection takes place in the lme 0Y, any pomt P (x,y) is mapped into
apoint P'= (x',y")where :
X' = -X
y =Y . o
since , by the reflection, the y coordinate is unchanged, but the x coordinate has the
sign changed. We may write the above equations in the form '

x = —lx +0y
yo o= - 0x +ly

and now put these equations’into malrix formras
x) (-1 0)x
[Y’J ) [ 0 IJ(YJ'
The matrix F = [-;)I ﬂ has. the geometrical property of reflection in the line QY.

Example 1.
Find the map of the point (~2,3) by the matrix F,

Solution

(636
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3\ - X’=_ 2 \ -y’-= 3 . , A
The mapped pointis (x’, ¥')=(2,3):" .

The Rotation Matrix
The matrix of rotation about the origin O (antlclockw1se) through an angle 0 is
given by ( cos@ -sin 9}
sin@ cos@
Proof '
YA

Px’,y)

A hI p(x' y}

X'€

¥, Fig.1027 |
Suppose P(x, y) is any given point with ZPOX = o Under the transformation
considered; lei P’ be the image of P so that ZPOP’ = B. Let the perpendiculars be

drawn as shown in the figure.

Let OP=OP =r. -
Now x’=OM=rcos(c+6) = rcosocos® — rsino, sing
'=0L cos6 — PL sin@ = X cosB y sing .
Also y=PM =r sm(a +0) = < r sma cos8 + 1 cosa sm(:) =y cosG +x
sinf .
x (xcos®-ysin6 cos® —sin®) (%)
Thus | ,|= . =1 .
y' ) \ycosB+xsin@ sin® cosB jly

. \ .
: N 6 ~sin0
Therefore the required matrix is c?s Sins :
' sin® ' cosH

206



Note:

N

We have used the. compound angle formulae cos(o: + Q) = ¢oS0t coS6 — sino.
sin@, sin{o + 8) = sinc cos® + cosa. sinf. These formulae can be derived without use
of idea of rotation. (See 11.7 of Chapter 11)

anmple 2

Find the matrix which rotates through 45° and find the map of the pomt

Q.

Solution

R = [cos 45°

—sin45°
| sind5° cos45°

|7 T
[y’)_ \_15_ %
a0,

The mapped point is (x', y') = (0, v2).

The Translation Matrix

A point P(x,y) is translated horizontally through .

N /—

a distance h and vertically through a distance k

‘to the point P' (x', ¥).
Then X' = x+h,

y  =ytk
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In matrix form, these equations are

v) o i)Y

This time a 2 X 3 matrix is required as we have values h and k unattached
‘ : . . - Fioheramoe aged
to x and y. It is more convenient to have a square matrix, so the 2 X 3 mattix is'hade

170 hY ,
intoa 3x3 as |0 1 k| and the new matrix form is
00 1
")
y =
1)
1 0 h) L
The matrix L={0 1 k{ describes a translation which maps the origin to the point
o G 0 1 )
(h, k).
"Example 3. ‘ :
Find the matrix which will translate a distance of =2 units horizontally
and 2 units vertically. What is the map of (1, - 4)?
Solution ‘

Wehaveh =-2 ,k=2.80

1 0 -2
L={01 2
00 1)
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X 1 0 .
Then ~ |y |=]0 1 2 ||-4] = [-2].
| 1) o 0 -1 |

x’; -1, = _ 2
The mapped point is (x', ¥} = (- 1, - 2).

We have found matrices to describe certain transformations. As we' can
combine transformations by performing one after the other, we can use our matrices
together to describe successive transformations. By using matrix multiplication we

can find any combination of geometrical transformations.
Note that the order of matrix multiplication‘comes out backwards If we had a

transformation described by a-matrix A followed by .a transformation described by a
matrix B, we need to compute BA. We can explain it. Let a point P (x,y) be mapped
into the point P"(x\,y") by the transformation matrix A and P (x, ') be mapped again
into the point P"(x",y") by the transformation matrix B.

At first, we have

)=20) s
Y Y
and then ' o
NwRIVESE
o Yy /oY Y/

This gives the combined transformation matrix as BA.

Example 4, -
'Find the matrix which w1ll rotate 30° and then reflect in the line OY. What
is the map of the point (1 0)‘7 '

Solution .
o B
R _|cos30° -sin30°|_| 2 - 2
sin30° cos30° ). | 1 3
2

2
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(—1 0N
F = | |
0 1J
The transformation matrix is
B v3 1
PO S "5 ™5 35 .
T =FR 2. 210 2 2|
_(0 J. LB L 4By
N2 -2 2. 2
w G
~ Let - = '
S ¢ 7 A LU
4 Sy —— = 1 —
Then. | o== 2,2 1=l 2
" [J 1._@[0]__ i
2 2] 2

3
The mapped pointis (X', y)= { ~—,= .
pped p CYFE S
To use the translation 3%3 matrix with another 2><2 matnx we shall need fo

enlarge the 2 X 2 matrix into a 3. x 3. The 2-x 2.reflection matrix

-1 0 0
(,Ol_ OJ becomes 01 0} by placing 0 0. 1 as the last row and column
0 0 1 e SR
cosO -sin 0
Slrmiany, the 3 X3 rotation matnx 1s sin® ‘cos® . 0|
o 0. 0 i
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Exercnse-lﬂ« 5
. Find the maps of the points (~1,-2),(4,3 )and (3,-'4) by the matrix F.
‘ 0
] and find the

' A
Show that the matrix § which reflects in the line OX 1s [0

maps of the points (-2,-1),(3,4)and (-4, 3) by S.

Find the matrices which rotate through 60° , 90° and 180° and find the

respective maps of the points (0,2), (- 1,1y and (2, - 1).

Find the matrix Z which will rotate through an angle® clockwise about O.
Find the matrix which will reflect in the line OY followed by a rotation
through 60°. What is the map of the point (- 1, 0)?

Find the matrix which will translate through 3 units horlzontally and 1 umit

vertically followed by a rotation through 45°, and find the map of the point

(1, 2). |

Find the matrix which will refleet in the line OY followed by a translation

through 2 units horizontally and - | unit vertically. What is the map of the

point (1, 2)? : '

Find the matrix which will reflect in the 11ne y = x. Find the map of the point

(1,2) when it is reflected in the line y = x.

[Consider using matrices which rotate dircugh an angle 45° clockwise about

O followed by a reflection in the line OX followed by a rotation through
45° ]
. ~ SUMMARY
Important Words and Symbols
Vectors and Scalars

: -3
Geometric vectors AB
. ‘ - . =2
Magnitude of AB =|AB|=AB

, ; - _ =
Negative of a vector @ = — 4

: -
Zero vector = 0
Position vector
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L (). =D =T/ and |a}=b]

Important definitions and foi‘inulae

(i) The Triangle Rule of Vector Addition

e
"AB+BC= AC

*(iii) The Parallelogram Rule of Vector Addition

. o
 Z+5=7 S
~(iv) The Polygon Rule of Vector Addition

If A1 Az As ... Aqis aclosed pdlygon; then

o~
Prai ]

o A]A2+A2A3+..-.+AH_IAD =A1‘An.'

(vi) Ith =k‘b’ ('?;af)’,‘l?;a'(?,?hg ),

- .(vu) If %=__ the _" : m

m+n
Transformation Matrices
CooE s (=100 : 1 0
" (1) Reflection matrices; F= S=
_ o0y 0 -1
| 0 —sin@
(ii) Rotation matrix: R= C?S : s
' sin@ cos® )
{1 0 h
. L=10 1 k
(iii) Translation matrix: lo. o 1




CHAPTER I1 . | "~
Trigonometry

Nowadays it is known that there is mote to leam in trigonometry than
measuring triangles. In fact, trigonometry generally deals with angles of all sizes with
degree measure not necessarily contined to angle of triangles. In this section we
introduce negative angles. o ’

11.1 Trigonometric Ratios for Special Angles

We have studied the trigonometric ratios for the special angles measured in
degrees. Table shows these ratios for the angle measured either in radians or degrees.

@ sin @ cos B tan O cot 0 sec O cosect
. 1 G 25
Z = (30° - b == | —_ 2
3 (30°) > 5 3 3 3
% = (45°) _‘@-. iZ__ 1 1 2o 2

2 2 . 7

T 3 ) _ NCY 23
T = (60° il - NEY M2 2 | ==
: |3 ERE R =

Table 11.1

1i.2 Trigonometric Ratio of Any Angie
_ Consider a circle of unit radius with its centre at the origin of the XY-plane.
Y

r o
B(O,1)

o / Bi(&ﬂ_

C(-I,O)Q-’*—& A X

D(o"lj‘

Fig. 11.1
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Suppose a.point P starts ‘at® & (T, 0) and moves 8| units around the
circumference of the circle, counter clockwise if 6" > 0° and clockwise if 0<0°,
We can locate the exact position of P for any specific value of 8.1f 6> 2

we shall continue around the clrclc post A until we have covered the entire circle.
Now to every value of 8. there IS assocxated a pomt called the terminal point, whose

dlstance along the arc from A. (1, 0) is ]9[ units. If we designate this terminal point by

P(x,y). We define the trigonometric ratios for 0 as follows '

cos b = x _ sec B = 1
sin@ =y . cosec O = ~
tan@ = 2 o : cotf = X
X : - . ' S
It follows that .
From, Xty =
' cos® B +sin’@ = 1
1 +tan” 6 = sec? @
] + cot® 0 = cosec” 0
sec® = —L ) os 6 # 0  cosec § = -—I—, sin9 # 0
. cos® o - sin@. .
T | : sin 6 o
cot@ =" ——  tan 6 % 0 . tan@ = , <0s@ #0
tan@ TR cos@ . .
. "Looking at the unit ¢ircle of Fig. 11.1, it isclear that -1< x < l,and -1 < y
< o '
e ~1 < cosB £ land~1 < sine_ <1

214




The signs of x = cos O and y = sin 6 depend upon the quadrant in which

P(x,y) lies. 5
® M| I ®
sin 4 (+) ‘ "
 cosec 8(+) All(4) A
others {~) S
@ milw .
© tanb(+) | cos®(H)
cot 8 (+) sec 6 (+)
‘others (—) others ).

| Fig. 112
11.3 Negative Angles A
Consider a unit circle with a point P(x,y) and OP rofates through an angle 6

from the X-axis.. .
Under a reflection in the X-axis, the point P is mapped onto e point Q(X', ¥')-

Fig. 11.3

‘rom the figure, cos (—6) = XX = x = cos@

1




Csin(-0) =y = —y=
in (-6
tan (~9) = 2—0'%_3—)) =
114 Basic Mdentities
Using a right triangle ABC, we have
$in (90" - 0) = cos b
cos(90'~ §) = sing -
tan (90" ~ 8) = cot 6
eot(90° - 0) = tanp
séc (90° - é) ""—'"" " cosec §
cosec (90°— 0) = sec 6

Consider a unit circle with a point P (x

from the X-axis.

Under a reflection in the Y-

From Fig. 116,
- cos (180°- 8)
sin (180°- 6)

-

Il

i

tan (180° ~ 9)

Yy _-y

xl

c

Fig. 11.5

,y) and oP rotating through an angle 6
AY

axis the point P mapp

Fig. 11.16

ed onto the point Q(x',y").

X' = —x = -"cos 9
Y= y =3sing
sin(180° — 6) _ _y’_

cos(i80"-9) x'

=—— =—tan 6
. X

20 4




We have o ‘ , :
sin (360"~ 0) = —sin@, ~ sin(I80"+8) =-sin 0

cos (360°— 0) = cos 8, - 605(180'+ 8) =-cos 9

tan (360" - 8) = —tan, ‘tan (180°+ 8) = tan ©
Also, - ‘ | o

sin (90°+ 0) = cos 8 | stn (270°~ )= — cos 8

cos (90°+ 8) = -sin 8 cos (270" - 8)= — sin 6

tan(90°+0) = —ot® = tan 270°- §) = cot®

11.5 The Basic Acute Angle
The acute angle between the terminal side (i.e. OP) and the X-axis is called
the basic acute angle. The basic acute angle is a positive acute angle.

Examplel. :
Using basic acute angle, find the six trigonometric ratios for the obtuse

angle 23—" (1200

Solution

607t > X

, Fig. 11.7
The basic acute angle = 60° - o
cos 120" = cos 60 "and sin 120 " = sin 60 "numerically. But 120 *is in the
second quadrant. '
The vosine ratio is negative and the sine ratio is positive.
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cos 1207 = —cos60” = - % . sec 1200 = -2
sir{ 120" = sin 60 = ﬁ, . cosec 120" = 2
| T
o1 |
ani20r = SmI20° 2 L oor1200 = -3
- “cos120° J3 3 o
2 .
W
Example 2.

T
Find cos{(——).
-

Solution

The basic acute angle =

k!

cos (——) = cos — numericall
( 4) y y
But ——'} is in the fourth quadrant.'

T, . "
cos (_E) is positive.

2 .

3

T
cos (——=)=cos
( 4)_ ¢

Alternative method
Solution

cos (——\-LE_).= cos E

o 4 i
_N2
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the: The tngonometnc ratio of an.angle 9 can be found by followmg steps:
(1) Determme the quadrant in Wthh angle 9 isin.
(2) Find the ‘basic acute angle.

(3) The tngonometrxc ratio of angle 8 is equal t6 the tngonometnc
ratio of ‘the basic acute angle numerically the sign’ ‘being
- determined by using the figure 11.2 diagram.

11.6 Special Angle of 0°, 90", 180" ; 270", 360"
. ' . ‘
X

P,(0,1)

P,(-x,m\: /P,(I,O)_}X

P(0,-1)

" Fig. 11.9
When the terminal side OP makes an angle of 0°with the X- axis, P, has
coordinates(1, 0). :
Thus -
sin0" =9, cos0'=1, tan 0 =—-——~;—=—=0.

When the terrmnal side OP makes an angle of 90 thh thL X-axis, Ps haq
coordinates (0, 1). Thus ' :
' . sin90° _

1 e
. — wilich is
cos90° 0

sin90°=1,  c0s90'=0, - tan 90

undefined. - .
When the termmal side OP makes an angle of 180 “with the X-axié, P; has
coordinates (—l 0) Thuq

~ sin 180° =0, cos 180" =-1, tan 180" = ——— = — =0.
When the terminal side OP makes an ,angle of 270 “with the X-axis, P4 has

coordinates (0, ~1). Thus
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o —
sm270 _ _1 whlch

<cos 270° 0

$in270"=-1, '_cos{2'70'=o?-“ tan270

is undcﬁned
- When the terminal side, OP makes an’ angle of 360 w1th the X- axls the

tngonometnc ratlos are exactly the same as those of 0 Thus

. . . .' s o
sin360°=0, cos“360 =1, " ietan 360" = —Slr—légp— = 9 =0,
. cos360° 1

Exmaple 3. , T : _

Find the value of x between 0 and 360 “in the followmg

1 1 1 |

(i) sinx = 5 ; (n)cos X = - 5 (iii) tan Y :x = V—q

Solution
()  Sincesinx= -;- x lies cither in the first or second quadrant.

. L A
' The basic acute angle =30 " : o
Hence x- = 30" (or) x = 180—30 | 3 :'
S ox = 307 (er) ,‘x' =. 150 : . ~— '0, X
X = 30" {or) 150" ; SRS 3

Fig. 11.10 .
(1) ‘Sinc‘e‘cQs X = .- _;., X ._l,iefsl éil-t:h.er in the secoﬁd oi‘lth"ircvl quadrarit . ’7 '
The basic ‘écuté-aﬁgle =60 | | |
Hence x - _'_?]80° — 60" (x.o;) 180" + (_50'
x = 120" (o) 240"

Flg 11 11

(iii)  Since tan.--_le.,x = :jl—:_i , L & lies either in the ﬁrst or third quadrant
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The basic acute angle = 30’

Hence % x=30" . (or) 180" +30"

x=60"  (or) 420°

. x =60

- Fig. 11.12.
Exercise 11.1 '

. Find the six trigonomietric ratios of

@8=22 . () s=-

n

6 | 6

X by = ST
@o--% @o=3

Find the value .o_f',e ,0 < .6 <360 for the following equations. Do not use
table. ' ' ‘

- (d) Sfﬁl,fe'z“ ,/75— - () cos B =—1 .- . {ﬂ tan 9 =—43
(g)sin(26 +157)= > _.(h.) tan.(36 - 30 )-fi () co;s 367_3
Solve the following-equations for 0 < x < 360°

(i) 2 sink cosx ="sinx (i) 3tanx sinx =2 tan x

(i) 5sinx cosx = 2cosx (iv)_.coszx—cqs'x=2

Find the value of the following. Use table only when necessary.

- (a) sec (-150") (b) sec (=) (c) cosec (—x) -

() tan 0° (e)cot150°  (f) tan 120°

(g) cosec (-807)
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5. If a+p+y=180" prove that

i () sin(@th) = cos(90°-7)
S G "-"s'iﬁ'“.".‘; '3=sm 00"+ 1)

(iit) tan | ==cot(]80"+ E.%l)

R

11.7 Further Trigbnometrical Identitiés

Sum and difference of Two angles

On the unit circle, centre at the origin, let A and B be the points (1, 0) and (0,
1) on axis OX and OY. Let P (x, y) be given by P (x, y) = (cos B, sin ), so that P
corresponds to the angle B (= ZAOP). See Fig. 11.13 (a)

“The point-P is reached from O by moving a distance X along OA and a
distance y parallel to OB, that is
=10y 0.1 |

Consider now a rotation of the plane about O, through ap angle o in the
positive (anticlockwise) direction, inwhich A moves to A’ (cos o, sin ¢) and B
moves B' (- sin @, cos a), while P moves to P' [Fig. 11.13 (b)]. Then P' is reached
from O by moving a distance x along OA', and a distance y parallel to OB’, so that the
coordinates  (x',y") of P' are given by

x', ¥y} x(¢cos a, sin a) + y(-sina, cos o)

1

It

(x cos o —y sin @, X sin @ +y.cos &)

(cos B cos o —sin P sin o, cos P sin a + sin f cos a)
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()

Fig 11.13 :

But ZAOP’ = o + B and so P' represents the angle o+ and has coordinates
(cos (a+B), sin (a-+ B)).Compéring these two forms for the coordinates of P' ,we
find that | -

cbs(a-i-[}) = cos o cos P —sin o sin B .

sin{(a+P) = sinacosfP +cos a sinf

These formulae arc the addition formulae for cosine énd sine.

For negative angle, since cos (—f§ ) = cos B and

sin (=B ) = ~—sin f
cos{o—fB) = cosacosP +sinasinf .
sin(a—-B) = sina cosP —cos e sin B

The above identities are true for all values of d":"and B. A summary of the
compound angle formulae is given below: :
sin(a+B) = sinccosP +cosasinpP

sin(a—P) = sina cosP —cos a sin P
cos(a+fB) = cosa cosP —sin a sin B
cos(a—P) = cosacosP +sinasinf
tana + tanf A
tan (o + = —
(a*h) 1 — tana tanfd
tana. — tan
tan(¢-B) = -one—tanp
1 + fana tanf
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11.8 Double Angle Formulae

me the formulae for compound angle more 1dent1t|es can be derived.

Cons:dcr

Also,

sin {a 4-'[3)

Ifa "‘B thcnsm(a+a)

sm 2a

cos 2a

~tan2a -

: 119 H:alf.Ari‘gieFoi-mulaé‘ '

sin

.G
[}
@

Let -t

| Then

sin. 9

cos 6

R o R

I

t

‘J 2
+ I+cosB
\J 2

+ ’1 - COS 0“ ‘
1'+cosﬁ~l

sin 0
T+cosd

1-cos@

sin « cos B’ +cos a'sin f

sin o cos @ +cos a sin &

= 2 siff @ COS @

Il

Y

cos? o —sin’ a

1-2sin’a
-2 cos’ » 1
tano

1-tan‘c

S 224
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11.10 Factor Formulae

sin @ cos B +cos & sin P ‘ {y

sin(a+p) =

sinfa—-P) = sinacosP <cosasinPf 2)
()+(@):  sin(a+P)+sin(a-B)=2sin o cos p 3)
- @: sin («+B) - sin (¢~ B) =2 cos @ sin p. )

Let 6 = a+pPand §=a~-p
Then 0 + ¢ =2a

9 9. 213
* 2 | ad 2
sin9 +sm ¢ = 2sin 919 o5 822
o 2. 2
. o _ 6+¢ —¢
gfne sm¢ 2 cos P sin _2 |
Also, cos 8 +cos ¢ =2 cos 6§¢ cOos 2¢
cos B —cos ¢ = -2 sin 6-;;2) sin 9;¢

The factor formulae can be used to simplify the sum and differences of the
sine and cosine of two angles In addltlon they are useful when differentiatis:
tngonometncal ratios. : :

11. 11 Equatlons of the 'I‘ype acos 8 +hsinb =c¢

Let a = Rcosa B
o [ i— M
and b = Rsina s o
Then R (cos 6 cos o + sin 8 sin a)=c - | __
Rcos (6— a)—-c -——-~-—----¥--_— )
From(l)weget a +b2 = Rz(cos o + sin’ a) ,
R = a 2+b2 (e cos a+sm a=1) .
R = % ya?+b?
and tan « - b
‘a
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Taking only the positive root, equation (2} becomes,
, va? +b? c,os'(‘G—a)=c.

We have : ‘. :

a cos.‘e + b sin 6 = va*+b* cos(6-a) where tan « = E, aand b

are positive and & is acute.

b

Similarly, a cos & —bsin 8 = Ja? +b* cos (0 +a) wheretan ¢ = —, aand b
< a

are positive and o is acuie,
Agaih, asin 8 + b cos 9‘ = a? +b* sin (6+a) where tan o = -:—, a and b are
positive and o is acute.
And a sin @ ~bcos 0 = va® +b* sin (8-a) where tan a = E, a and b are

positive and « s acute.

11.12 Proving of Identities ‘ o
We have learnt that a trigonometrial identity is an equation or expression that

holds true for all values of the ahglcs involved in the expression. For instance,
| +tan® @ = sec’ a is true for all values of ¢, we shall use thg sign '=' for identities
in the following example and exercises. By using the various trigonometircal ratios
and identities so far derived, we can easily convert trigonometrical expressions into
different forms.
~ Normally, exercises on trigonometrical identities give two expressions thal
must be proved equal. There is no general approach to the type of exercises, but the
following guide lines may be used. ' ' ‘
(a) The approach is usually to substitute identities to make the lefi-hand side of
the identity equal to its right-hand side. ' .
(b)  Sometimes the problem is made easier by simply. rearranging the given
identity. In gencral, tackle the more complicated expression by first
simplifying it. - '

226




()  If say, after 8-10 steps, the rcquired result is stlll unobtamable with the
| substitution, try a different substitution. :
(d)  Look for expressions like sin® @ + cos® = 1.
tan o = S22 and cot o= COS® \whenever necessary.
0s sin o RS X
(e) It is sometimes useful to reduce every expression to sin @ and cos &.
Example 1.
Express the following as single trigonometric ratios:
(i) sin 37" cos 41" +cos 37" sin 41" (ii) 1_tz_n_1}_§__
1+tanls’
Solution _ 7
(i) sin 37" cos 41° +cos 37 sin4l” = sin(37 +41°) =sin 78"
(i) 1—tan15. _ tan45 —.tanls._ — @n(45'-15') = tan 30"
1+tanl5s I+tan 45 tanl5 :
- (o tan 45 =1;
Example 2.
Find without using table, the value of (i)sin 75" and (i) tanl5".
Soiutmn ' .
| ' U
(i) sin75" = sin(45 +307) - = sin45" cos 30" +cos 45" sin30"
_ L3 L (\m) V2 _f6r2
V272 V22 22 ) V2 4
() tni5°= tan (60" —45) = [AN60 ~tandS _ 3-1

1+tan 60" tan45  1+(x3)(1)

(\/’ (1) 254, i

1+43) (1-+3 -2



Example3.
. » 4 A2
Given that sin a = — 3 ,cos P =— e and that o and f _,are in the same
quadrant find each of the following without the use of tables

(i)sin2a (11)cos-2a_ o (m)aosg o (1v)tan2[3

Solutlon .
.sin a and cos B are negative and must be in the same quadrant i and B lies
_inthe third quadrant From the F1g 11.14 -

g, " .J..Y_
Cos 0t =— — ol
‘ "5 .
(i) si'n'Za' = 2sin a cos - 3 /'a\ .y
- 2(——-)(——)—--
S 4 5
(1) cos2a="1-2 sinfo. (-3,-4) '
S 4.2_ 17 ;
= 1-2(-) =—-— Fig. 11.14 -
| ( 5) T | | g
Fro_m the Fig. 1.is 7 ' 4Y
sin f —~,——5— "t p = 3 | ' VB
S LT * X
(11i)  cos [3 20052 B -1 y|0
—E = 2cosc 2 -1 . - I A
E _ ,_l_ s . | - (-l s "57)‘-‘: R
> ; e . .
6 Fig. 11.15
B _ 1
cos — = * . |—
2 26 -
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180 "< B <270 ", we have 90 ° < g <135 7, i.e.

quadrant.

(iv)

Example 4.

1 _
26 26
5 |
2tan P (E) 120
~tan’p |3y 119
7

B

5 lies in the second

" Ifsin © = a, where @ is an acute angle express the following in terms of a:

(i) tan*0

Solution

. 2 1
s° — 0
{iv) co 59

In the right-angled trxangle ABC, let AB=2a and AC = 1 then BC V1 -

(i) tan6
tan’ @
{ii) cos 20
(iii) sin46
(iv) cos 0

(i) cos20 - (iii) sin 49
V1-a? b
Fig. 11. 16
_ a
1—-a?

i

!

I

- 2 ¢os”

a 2 _ a’
v1-2a? 1-a
1-2sin’@ 1-2a%
§in2(20)
2(2 sin 6 cos 9)09529
2(2a \/]—az)(l—Zaz) =

23
21
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2cosz~g— = l+cos§ = 1++1-a’
2
COSzﬂ — I+vl-a
2 2

Example 5. :

Express the following as factors.

(i) sin 5% + sin 3x

{ii) cos 3x — cé_s 5x ,

Solution
) sin 5x +sin 3x = 2sin 5x-;—3x cos 5 ;31{ = 2 éin 4x cos X
(i) cos3x-cos5x= —2 sin 3x;5x sin 3x;5x = -2 sin4xsin (—x)

.= 2sindxsinx (- sin (-x) =-sinx)

Example 6.. .
" Express 4cos 0 + 35m9 in the form R cos (0 — a) where R and 6 are
constants. Hence solve thé equation 4cos 0 + 3sin@ = 2 for value of ©

between 0° and 360°.
Solution

Let 4cos @ + 3sinf = Rcos (8 — ) whereR = 4~2+32 =5
and tanc =P—-—Z-075 ta.n36 52" |
o =36 52
"s4cos B +3sin@ = 5cos (0 —36" 527
'HenceS cos (6-36"52") = 2
oo cos (6-36"52") = —52— —04 cos 66 25‘
6-36' 52'= 66" 25' (or) 360" — 66" 25} = 66 25 (o) 293°35"
0 =103 17 (o)330°27% - . -
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Example 7.

Prove that tan a + cot o =

- sin 20
Soluﬁon
R ‘tand, foot o = S0E cos o _ sin.2 o+ cos’a
: cosa  sina sin o cos
= —1———- (- sin*a+cos 2o =1)
sin o cos a . .
_ 2 _ 2
2sin ecos  sin2o

Example 8.

Prove that cosec 6 = —— 2;9 4 sin 20 :

: sin @ cos 0
Solution ' .
- RS = c@s 20 + sin 20 - ges 20 cos 0 +sin 205in 6
sin® cos @ sin 6 cos 6
_- Cos(26-6) = cos® . 1 /
" sinB cos O sin@ cos 8 ~ sind
= cosec 8 = LHS
Exercise 11.2

1. Express the following as single trigonometric ratios.

(i} cos25°cos 15° —sin 25° sin 15°

(i) cos 75°os 24°+ sin 75%in 24°

(ili) sin126° cos 23° — cos 126° sin 23°

s tan 27" +tan13°

O @27 iy
2. Use the compound angle formulae to find the followmg in surd form:

(i) sin 105° (ii) cos 15° (iii) tan 75°  (iv) cos 165°

(v} sin 345° ~(vi) tan 225°
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10.

1L

Given that sin o = % and f}_iaf_cosB'= —% and that a and B are in the same

quadrant, find without usfh'g tebles;‘-'.the: value of
(Dsin2a - "(ii) cos -% o (iii} cos .. B

(i) Express cos 3x in terms of cos x

(it) Express sin 3x in terms of sinx. - _

Gwen that o is acute and cOs 0. = x, find, in terms of x the value of
o 1

(i) tan’ a (11) sm 2(1 " “.(1;1)‘eos_4a : (iv) s1n.§ a.

Exyress the followmg as factors .

()sin3a +sinae - i) sm Sa —sma

(ifiy cos 2@ +cos Ta (IV) cos 9a cos o .

Z 5_n=2__£
Showthatsm 12 cos 12774 o

fa+p + 7 = n‘show;that -

(1)tana+tan[3+tan'r tanatallﬁtan“f L
B o

1 sma+sm +sm 4cos-—-—cos cos —
(ii) | B '7 > 5 08

" Without the use of table evaluate tan (g-+p+7v), given that tan o = ‘-2—, tan B

_«_C

Find the exact value of cos 15 glven that-cos 30" =

5 EE
Given tha tM 5,3hthhat3tana=7tanB. o
sm(a B) A

- Given ﬁlrther'th'at o+f =45 , find the value of tan ¢+ tan ']3 .

1
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12.  Given that sin @ = %—, where 90"< o <180 and that cos B =#%,

where 180° < B <360" , find the values of
(@)tan (o +45")  (b)sin (¢+P) (c)cos 2 (d) sin 2.,
13.  Solve the equation 3 cos 0 — 2sin § = 2 for values of 8 between 0' and 360 |

tan y — tan x _ sin(y—
tany+tanx sin{ly +x)

14.  Prove that (i) -

(i) cos (60 + x) +sin (30" + x) = COSX.

11.13 The Law of Cosines and The Law of Sines

There are some important relationships between the Iiarts of a triangle. We
will study two of these, namely, the law of cosines and the law of sines.

The Law of Cosines
If AABC is an arbitrary triangle Wlth angles a,B,y and corresponding
opposite sides a, b, ¢ respectively, then ~

a® = bB*+c ~2bccos a
b2 = c*+a’—2cacos B
¢ = a’+b’-2abcosy
g Fig. 11.17
Proof: . o
Case(f) £ A is acute angle.
in right AADB, %:é— = COS o a
AD = ABcos o
= ccos a % 7

Inright AADB, BD’ = AB* - AD?

Inright ABDC,BD" = BC?-DC?. s

Therefore, BC2— DC? = AB*— AD? Fig 11.18

| BC? = DC? + AB? - AD? |
BC? = (AC - AD)* + AB*- AD? -



BC’ = AC®- 2AC . AD + AD”. +AB’ - AD".
BC? = AC?'+ AB? - 2AC . AD
a’ = b’ +c?—2bccos o
Case(ii) £ A is obtuse angle.
Inright AADB, AD

|

cos (180° - a).

AD = AB cos (180°— a) -
=_—ccos Q@
Inright AADB, BD? = AB?~AD? SR
Inright ABDC,BD* = BC*-DC* .~ . FiglL19
= AB’-AD* :

Therefore, BC? - DC? |
-  BC*=DC*+AB’-AD? |
BC? = (AC + AD)* + AB?— AD?
BC® = AC?+2AC. AD + AD? + AB* - AD?.
. BC? = AC*+AB®+2AC. AD-,
a? = b2+c +2b(—ccos )
a = b2+ ¢? — 2bc cos o .

i

Similarly, we can prove that b* = c¢?+a’-2cacos B
_ and ¢ = a’+b’-2ab Cos ¥
The Law of Cosinés is used when we are given either
(1‘)” two sides of él ﬁ‘iaﬁéle and the angle between them (included angle)

(or)  (2) three sides of a triangle.

The Law of Sines
Consider an arbitrary triangle with angles ] B,y and corresponding opposuc
sides a, b ¢ respectively. Then

a _ b _ ¢
sino sin p siny .
sin a sin siny.

Equivalently = . = =X
a - S




Proof:
Case(i) £ A is acute angle.

In right A ADB, BD _ sin a
 AB

_ BD = ABsina = csina
In nght ABDC, Bb _ sin y
BC
BD = BCsiny = asiny
Therefore, asiny = csina
c

a
sin @, siny

Case(ii) £ A is obtuse angle,

In right AADB BD _ sin (180° — «)
AB

BD = AB sin (180° - o)

_ = csin a
- Inright ABDC, BD _ sin y
BC
~ BD=BCsiny = asiny
Therefore, asiny = csina
a _ ¢
sin o sin y
Similarly, we can prove.that — = _b .
' sino. - sinf
Hence, —73'—- = —b—— = L
sin p siny

The Law of. Sines is used when we are given

either (1) two angles and one side
(or) (2) two sides and an opposite angle,
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Example 1.

Solve AABC withb=18.1, c=123 and o =115". |

Solution O

liytheLawof_Cbéin_es, s bﬁ'lg,l'"

L= (817 +(123)*-2(18.) (123) cos 115 P
_ c=12.3
= 327.6+ 1513~ (18.1) (24.6) (<c0s 65') Fig 11.22

=478.9 + (18.1) (24.6) cos 65°

= 478.9 + 188.1 mo- | - log
_ 667 18.1 1.2577
L 246 13
a =25.83 24 . I 9091 +
00865 | 1 6259 .
| | 188 22745
By the Law of Sines, -~ = ‘ SRR MR
~siny  _ o sinIF° L
123 . 2583 . ho log
_ B 1234 10899
-7 1235065 . U sin65 | {9572 |t
sin 7y = T mToa . T )
25.83 - 1.0472
= sin 25°34' 25.83 14121 | -
y = 25°34 - |sin25734% 7 6351

a+B+y = 180
B o= 180°- (1157 +25°37) = 180" Z140° 34
= 3926

Example 2. _
In AABC,2=5,p =75 and y .=4‘I°__..I_*“inda,banc‘l Cov
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Solution  a+Bry = 180°
@ = 180" —(B+K) =180~ (75 +4T)
| = 180°-116 . = 64
We will use the Law of Sines, ' : 5 0.6990
a _ b ‘ sin75° 1.9849
sin o, ~ sinf}, cosec 64° - 0.0463
b asinB 5.373 <""" 0.7302
' sinQ .
= 5:?m 75, = 5sin 75" cosce 64
: sin 64
= 5.373
We can solve for ¢ in the same manner
a _ c
sino siny
. _ asiny _ Ssindl’
sino. sin6d" no log
, . -5 - 0.6990
_ ) . 4. . U
7 5sin 41 colsecé in 41° T 8169
, = 3.65 | cosét 64" 0.0463
Example 3. ‘ 3.65 €— 0.5622

Solve-AABC witha=3,b=4,c=6.
Solution N L ‘ , _ &
Any triangle the longest side lies opposite to the largest angle and the shortest
side lies opposite to the smallest angle. In the example, we have a < <y.

_ bz‘"-"i-rc2 ~a?:
S cosa =
o . 2bc .
_ 424673 ne log
2{4)6) b 43 1.6335
16+36—-9 e oo Rt S
= e—_— cos 26" 23'<— 1.9523

48
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43

48
cos o =  cos26 23"
o« = 2623

We can solve for B in the same manner.
a’+c?—b?

cCOSs =
P : 2ac

3% +6% - 42 " no log

206 29 1.4624

043616 36 15563

= T cos 36" 20" <«— 1 .9061

2
36
cosp = cos36 20
B o= 3620
atBry = 180° _
y = 180"—(a+p) =180"—(26"23'+36" 20"
= 180" -62"43'
= 11717

11.14 Bearmgs
The four cardinal dlrectlons are North, South, East and West Fig. 11. 23. The
direction NE, NW, SE and SW are’ frequentlv used and are as shown in.

Fig. 11.23
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A bearing of N 20" E means an angle of 20" measured from the N towards E

as shown in Fig. 11.23. N
N
N2(°E
w € >E
Vg Fig. 11.24

"‘Similaﬂy a bearing of S 40 ° E means an angle 40 ° measured from the S
towards E (Fig. 11.25)

.‘\N
W >E
40
¥ NS 40°E
S
kig 11.25
A bearing of N 50" W means an angle of 50’ measured from N towards W.
N
N50°Wy N
. 500
W »>E
S Fig.11.26
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. (Fig, 11.26) Bearing quoted in this way are. always measured from N and S

and never fromEandW. .~ B S .
There is a second way of stai'ti'rig' a bean'rig., The angle denoting the bearing is
measured from N in a clockw'is,e diréctiqn, N being reckoned as 0" . Three figures are
always stated, for example 005" is written instead of 5 , 75" for 35" etc. East will

be 90", South 180" and West 270" . Some typical bearings are shown in Fig. 11.27.

N

N N -

Fig. 11.27

Example 4. e -
A man travels 10 km in a direction N 80" E and then 5 km in a direction
N 40" E. What is his final distance and bearing from his starting pdint‘?

Solution

A

Fig. 11.28

c=10km,a=5km, p =140" "
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By the Law of Cosines

b* = 100 +25-2(10)(5) cos 140"
= 125100 (—cos 40" ). = 125 + 100 cos 40°
= 125+ 76,6 = 201.6
- b = 142km
The distance from the starting point is 14.2 km,
By the Law of Sines .
sing  _  sinl40’ . ho log
B .
' 1_4'2 . 5 0.6990 +
Siﬂ(x — Ss1n40 sin40° 1. 8_O§l
14.2 0.5071
= gin13 % 14.2 1.1523
@ = 13 sinl3'5' | T.3548
) = 80°-a=280-135 = 66 55

‘. Itis inthe direction N 66" 55'E.

Ambigious Case The last case when two sides and an angle opposite to one sid.
are given is called the ambigious case because there may be no tnangle one triangle,
or two triangles satisfying the given condmons

The diagrams below illustrate. thc various possibilities given A, b and a. They
are divided into two cases.

0 <90 and o =90
Casel:a <90 '

C
, """"" b
1 bsinot ' a
- : \‘-‘\ .
| | A B
(i)  Fig. 1129 | (i)
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No solution: a<b sin o A One solution: a=b sin «

C

b a
! ]
[ ]
\ /

v

A\\.“‘s-.._- ”-—‘/a’ B

(i) ‘ Fig. 11.30 ' - (i)

Two solutions: b sin «<a<b ' One solution: a>b

A

: (i) ' Fig. 11.31 . ‘ (i) -
No solution:a < b . _One solution: a>b '

The Law of Sines can be used to solve a tnangle for -which the data s
ambigious. However, it is important to sketch and label the./ tnanglc first. Then
determine the number of possible solutions. ' \-

Example 3.
Find the number of solutions for e:;rtch triangle.
(a) o = 30° ®a=3 (o=
a /=_6 | a =8 | a =4
b =12 b =12 b =12
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Sclution
(a)bsinae = 12sin30°
1
= 12 (=
( 2)
= 6

Therefore bsin ¢ =a
». One solution.

““(b)bsin a = 12sin 30
= 12 (_I_)
2
= 6
bsin o« <a<b
.. Two solutions.
.(c)b-'sin o = 12sin 307
1
= 12{(=)=6
(2)
a<bsina

= No solution.

a==6

"B,

Fig. 11.32

Fig. 11.33
C
a=4

A Z30°

Fig. 11.34

When there two selutions, you must solve both triangles.

In AABC, ¢ =30 ,a =15, b=20. Solve the triangle.

Example 6.
Solution
b sin o = 20sin 30
= 20 (-1—) =10
5 ]

bsin ¢ <a<b
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Thus there tow solutions, corresponding to two triangles AB,C and AB,C. -

First solve A AB,C.

a e b
~ sin30° siﬁB.,
15 _ 20 !
1 sinB,
2
sin B - X = 2. 0.6667 -
30 3
= sin41" 49
B = 4149
Since B, is obtuse,
B, = 180" -41" 49" =138 11
v = 180°—(1381U'+30 ) = 11° 49
' no log
Again by the Law of Sines 15 1.1761
- o sin 11° 49’ 1.3113 [T
| . _ 15sinll" 49" 6.144 §— 0.7884 q
' sin 30
= 15sin 11" 49 cosec 30" =6.144
To solve A AB,C.
It 1s clear erm the figure, A. B{CB; s isosceles
B, = 180°- B = 180" 138" 11" = 41149"
Y2 = 180 —-(30"+ 41 49')=§h8' 1 no log
. i 15 1.17¢1
sinz?z .' - sin30'." sin 71749 Lo73
‘ cosec30’ 0.3010 |+
” 2849 <= 14545 |




N

10. -
11.

12

13.
14.

15.

15sin108 11'

& B sin 30°
= 15sin 108 11' cosec 30°
= 15sin 71’ 49' cosec 30° = 28.49
_‘ | - Eieréise 113
Findaif b=4, ¢ =11 and . o =60
Findbifa=20, ¢ =§ and B =45
Findcify =30, o« =135 ~  and a =100,
Findaand ¢ if « =30°, B =120" and b =54,
Find v if a=12, b=5" and ¢ = 13.

In AABC, ¢ = 20, b = 12 and a = 10. Check whether ZACB is acute or
obtuse and find its magnitude.

Solve the following triangles.

a =25, | y =55 b 12
vy =110", | p=28", a=2§
a=9, b=11, T =60
a=5, b=3, c=7
LA =64 20, LB=50,  b=5
LA =154" "4B=15 30, c¢=20
LA =53 a=12, - b=15,

A man standing at a point P, sees two trees, X and Y, which are respectively

250m and 310 m away frem him. If £ XPY = 120" how far apart are the two
trees. -

A ship leaves harbour on a course N 72" E, and after travelling for 50 metres,
changes course t0108" . After a further 106 metres,

find (a) the distance of the ship from the harbour
(b) its bearing from the harbour. '
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16.

17.

18.

19.

20.

21,

22.

23.

Y

1115

“To approximate the distance between two points A and B on opposite sides of
a swamp, a surveyour selects a point C and measures it to be 140 metres from
A and 260 metres form B. Then he measures the angle ACB, which turns out

to be 49' . What is the distance from A to B?

Two runners start from the same point at 12 : 00 noon, one of them heading
north at 6 m.p.h and the other heading 68" east of north at 8 m.p.h. What
is the distance between them at 3 : 00 that afternoon?

In AABC, AB=x,BC=x +2 and AC =x — 2 where x >. 4, prove that
_x—8 . : :
2x-2) {

ke

cos A=

Find the integral values of x for which A is obtuse. .
A ABC is an acute triangle .Prove that tan o = —jl-ﬂn—}’——_— .

: . b —acosy
A, B, C are three towns, B is 10 miles from A in a direction N 47° E. Cis 17
miles away ‘from B in a direction N 70° W. Calculate the distance and
directionof -~ A fromC. | :
A ship is 5 km away from a boat ina direction N 37° W and a lighthouse is 12
km away from the boat in a direction S 53° W. Calculate the distance and
direction of the ship from the lighthouse. '

A road PQ of length 725 km runs straight from P to East. The bearings of a
school C from P and Q are 042° and 325° respectively . What is the

distance of the school from the road?

A town P is 50 miles away from a towﬁ Q in the direction N 35° E and A
town R is 68 miles from Q in the direction N 42° 12’ W. Calculate the

distance and bearing of P from R.

Graphs of sin X, cos'x and tan x 7
By plotting the value of x on the X-axis and the values of sinx on the Y-axis,

the sine curve (see Fig. 11.36) is obtained. Notice that the maximum and the
mihimum value at sinx are 1 and -1 respectively. :

X

[oe 1300 160° |90°|120° | 150° | 180° | 210° | 240° 270° | 300° | 330° | 360°

sin X

V3 V3

== |-l ——

1 1
2 |72 T2 | 2

11430, Bl —— |0
2. 2 2 1.2

0 -

Table 11.2
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Graph of y=sinx

Sr 1% 2b0° 560" *X
: Fig. 11.36
e " l

The cosine and tangent curve are plotted accordingly. Fig. 11.37 and Fig. 11.38 show
the cosine curve and tangent curve respectively.

v
A
Graph of y = cosx
1-.-
0.5 +
F — A | -
Of  60° \120° 180° 240° /300° 360°
-0.5 1 Fig. 11. 37
-1t
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The two graphs above show that the sine and cosine curves are similar in shape.
There is a complete cycle for 07 < x £ 260° in both the sine and cosine graphs. The
only difference is that the cosine curve is lagging 90" behind the-sine curve. This 90

difference is called the phase differénce. For angles greater ‘han 360" or less than 0°

the curve respect themselves in periodic cycles. Such functions are called periodic.
function. The sine and cosine functions are examples of periodic functions each with

a period 360" . The sine and cosine curves are useful especially in the study of waves

and electricity.

Y
A

[ ! [ 1

7800 240° | 3967 360°

q o0 907 120°

, 270°
Fig. 11.38

The tangent curve approaches very close to the vertical lines drawn through 90°,
270°, etc as x approaches these values. But the graph never really touches these lines.
Such vertical lines are called asymptotes and we say that the graph is nearing them
asymptoically. o ’




For afiy angle 6,

sin (-6)
cos (-8)
tan (-8)
sin (90" - 9)
cos (90" — 6)
tan (90° - 6)

sin (90" + 0)
cos (90° + 0)

tan (90" + 6) -
sin (180" - @)

- cos (180" - 8)
tan (180"~ @)
" sin (180" + 8)

cos (180" + )

tan (180° + 6) =
Important identities .
mo = 2 _‘
sec 8 = colsﬁ ’
. . 1.
cosec § = —SEE,

SUMMARY

. —sin 0,

cos 0,

—tan 9,

co3 9

sin 6
cot §.
cos 0,
-sin 6,
—cot 0,

sin 8

~tan @
—sin @
—¢cos 6

tan 0

“—cos 8

cosb

k]

cot § = 1+cot’ § =cosec’ 6

sinf

sin” 8 + cos’ 9 =1,

1+tan® § =sec’ 6. |

_sin(aiB)é sin o, cos B * cos « sin B

cos '('a'i[))s cos @ cos B F sin o sin B
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10.

11.

12.

13.°

14.

15.

- COS @ —\cos-Bk.._=,-.— 2 sin 5 sin

: +tanf o« -
1¥ tana tanf

sin2 o = 2sin o cos a

cos2a =cos’ o —-sina =1-2sin*a =2cos? ¢t — 1

2tan a
tan 20 = —
1-tan“a

sin ¢ +sin B =2 sin atp CcOS P

S 2 2
sina-sin B =2 cos otp sin a-p

2 2

cos o +cos B =2 cos Q;B cos a;ﬁ

a+B . a-B
2

Equations involving multiple angles are usually solved by converting the
- equation into another equation that contams onIy one trlgonometncal ratio or

by using the values from tables.
Equations in the formacos 8 + b sin 6 =c are usually solved by convertmg

acos § * bsin 0 into va* +b? cos(0Fa), (or) .

asin @ + bcos  into va’ +b° sin(82a)
where tan a = E ,a and b are positive and a is acute.
a .
The Law of Cosines and the Law of Sines.
If B,y are the angle oppos1te to the sides a, b, ¢ respectively, then

ra

a> = b?+¢?—2bccos a
¢’ +a’ — 2ca cos P (Law af Cosines)-

=
[~
f

o
I

a® +b% - 2ab cos v
a _ b ¢
sina  sinf  siny

(Law of Sines)
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Calculus

12.1 Limits
To approach the subject of calculus, we examize the idea of limits, We want

to study the behaviour of a function f(x) when x is near a. In cther words, "wheri % is
close to a or x approaches‘ a, what happens to f{(x)? We write x — a to represent "
approaches a".

For example, when x — 3, x=3.1, 3.01, 3.001, 3 '0001 ..(from the rlght of3
x>3)(or)x =29, 2.99, 2.999, 2.9999, . (from the leﬁ of 3,x<3).

Notice that whenx — 3,xis near3.x ~ 3,butx # 30rx—3 = 0.

x*-9
Let
et f{x 3
2-—
whenx = 3, f{x)= =2 L0
3-3 0

The value % is meaningless and is undefined.

x* =9
x-3
_ x=3)x+3)
(x-3)
=x+3 _
We were able to cancel (x — 3) because (x —3) #0
Now, we study the following computations.

But when x — 3, f(x) =

when x =3.1, fix)=6.1 whenx =29, f(x)=5.9

when x#=3.01, f(x) = 6.01 when x = 2,99, f(x) = 5.99
when x = 3. 001, f(x) = 6.001 - when x = 2.999, f(x) = 5.999

when x = 3.0001, f(x) = 6.0001 | = when x =2.9999,f(x) = 5.9999
Notice that when x is close to 3 [ from left or right ], f(x) gets closer and closer to 6.

“whenx — 3,f(x) —6"is denoted by
lim_ f(x) =6
x—3
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- This is read as " the limit-of f{x) is 6 as x tends to 3"

Note. ~, :,‘ e —oo -, (). o are called indeterminates.

: Example 1,.."‘ K ; B -
- R _ x*-2x .
Find the limit of f(x)= — n henx — 2.
' . . CX

Solution

:i K%—2xJ
X} =
=1

x(x—2) _ X
(x _+- D(x=2) x+2
' X 2

1- f¥:ﬁ r' — =
x.l-rPa?.'(x ) x.lr—n—>2ix'+-2-f 242

when x — 2 , f(x) =

‘Example2. :
- Find the limit of

@ £ = 22 whenx —» w

S 6-Tx -

() £ =0x+ N ~(L4x)? whenx =0,
X X : o

Solution.

M g = 2Z2olx

X

lihi" fix) = lim

&

.0_
-7

e

[ ——_+>.O,and€"r6-~—>:0‘as-x “yoa] .

i

N o
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[ I

() fixy = Gx + —1—)2 —-(-l—+x)2 = 9’ + 6+ — ——2—-2'—x2
. X X X
_ = 8 +4 '
.. . — —_— +
xllgl'oﬁx) ‘ llm (8x +4) =0+4=4,

. Exerc:se 12.1
Find the limit of each of the followmg '

x? -1 x? -4 \
1. as x =1 .2, ——=————asX >0 .
x+1 . (x+3)(x~4) :
2 | . ._ ' ‘
3, Ko ko4 PR i)t St ) A
X =1Ix+28 x+Dx-T7)

5. [(2x———l—)2 —<(L+ 4x)*7 as x —0.
2x 2x .

Find the following limits.

x?+1 . 2
. . : 4 + 2
6 ‘xh—r>nl Rerr R /.. xh__m_)2 (x +32e 2)\,

e R -
. 2 “A _ -
10, lim X o3xtl L _lim £ ‘-*—2—
2. lim X 13,  lim [(x—l)l»—(‘zxa-_—l;)]_
X X

X—eo 2x%+3x-1 _ x—0

12.2 Denvatwes -
' Let P (x.y) bea point on the gtaph of the ﬁmetlon y= f(x) [F 1g 12. 1]
IfQ (x+ & x,y+ §y) is another point on the graph near P then '
oyt 8y=flx+8x)
w8 y=flx+ &§x)—f(x): where ] X represents a small 1ncrement in x and 8 y
represents a sma]l increment in y. -~
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Y=L

X
X+ 8x O
Fig.121 | | " Fig. 122
Gradient of line PQ = QR =
PR 8x
_ f(x +6x) - f{x)
ox

As Q approaches P, §x becomes smaller and smaller (1 e. 5x —0). Then the

gradient of PQ tends to that of the tangent to-the curve at P.-(Fig. 12. 2)

For example, consider the curve y = X2
Let P (2,4) be a point on the curve. o
Consider a point Q, on the curve whose.x - coordmate is 2 1

Then y-coordinate of Q; i is (2.1)* =4.41.

. Qi(21,441).
- Gardient of PQy = Rl ik Y
: 212

Now consider another point Qs which is closer to P than Q, whose X-

coordinate is 2 01 Then the y-coordmate of Qz is (2 01) =4, 0401

© Q2(201, 4.0401).
4.0401—4

Gardient of PQ; = «~———— =4.01.
ST 20120 - :
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The;tablé below shows the values of the gradient when the points Qs are
closer and closer to P taken.

x-coordinate of Q y —coordinate ofQ gradient of PQ

' 2.1 441 ' 4.1
2.01 4.0401 4.01
2.001 4004001 4,001
2.0001 4.00040001 - 4.0001

The results from the table show that the gradient of PQ tends to 4 as Q

approaches P.
Since the gradient of PQ tends to the grachent of the tangent to the curve at P

as Q approaches P,

the gradient of tangent at P = lim &
x>0 dx

| The limit_ lim dy is called‘ the derivative of y = f(x).with respect to x
%x =0 8x _

(or) the rate of change of y = f(x) with respéct to x and is‘ denoted by

< (on ) o) 3 (o) £ (x).
X dx

dy _ lim Sy _ lim f(x + 8x) —f(x)
dx- 8x—>0 Ox. Bx =0 - 8x

The entire procedure leading to the derivative is called the differentiation

from the first principles.:
~The derivative of y = f(x), atx=ais

fla + b)=fa) "

, where his a'small increment in a.

f'(a) = 1

- PE s, h ,

For the curve y = f(x), the gradient of the tangent 1 ; at the point (x,, y1) is the value
d

of -d—i._atx=x1. - |

Hence, the equation of the tangent at (x), y1) is

Yy=-y1= % (x—x1).
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Thie line ! » which is perpendicular to the tangent 1 ; at (x;, y1) is called the normal
to the curve at (xi, yl) -

Hence its gradient is-the value of - "d']; at x = x; and the equatlon of the norrnal at

dx
(xla YI) is
T |
y-Y1=- &y (x =%},
dx .
Exam'ple.l. L e Y : .
Differentiate x> + 3x + 6 with respective to x from the “first” principles.
Solution A
Let vy -x2+ 3x+6-
y+toy= (x+ 5 x)° +3(x+ 8x)+6
=x2+2x. 8x+(8x)° +3x+3. O0x+6
L0y =2x. §x+(8x)*+3. %
¥ . 2.);.5}(.-{?(5);) *3‘8)( =2x+8x+3
dy: . dy
== =] — =lm 2x+8x+3 = 2x+3.
dx le-n—1>0- &x  OXx=—? ( ) o _x
Example 2. ' |
Differentiate y = 1 with respect to x from the first p'r.inciplés.
X - ‘ ‘ .
Solution - -
|
y = e
X
y+ 38y = L.
T x4 x (x#+d)x  (x+3x)x
& -l |
ox (x +8x).x \
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d_y = lim g:[‘im -t -t

dx Sx—=0 O  Sx—-0 (x+3)x = x
i

Example 3. _
Differentiate f(x) = /x with respect to x from the first principles.
Solution |
f(x) o=k
f(x + 8x) = Jx+08x |
fx+8x)-f(x) =+x+6x —vx
f(x +8x)—f(x)

' (x) = lim
Sx —0 dx
: VX +8x —x w/x+8x+~./_
= lim ——
ox—0 - 8x Jx+8x+J_
X +06x—x - lim 1
8x—-)0 SXNJH'SX +4x] 8x - 0Vx+0x +4x
- 2&
Example 4. - : |
Differentiate f(x) = x* + 5 with respect to x at x = 3 from the firsi
. principles.
Solution

fix) =x*+5
f3) =3*+5=9+5=14 ‘
fi3+h) =@+h’+5 = 9+6h+th*+5 =14+ 6h+H
f3+h)-f(3) =6h+h* =h(6+h)

fim f(3+h) f3 (6+h)
f(3) -}O h l}]ﬂo
hhm0 (6+h) = 6
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- _ Exercise 12.2
Flnd the denvatlves of the following functions from the first principles.

mx, (2){;, ('3)115-, '(4):/-"{’ (5) 1 -2 atx=2
N

12.3  Some Particular Derived Functions

(i) The derivative of a constant function.
Let f(x)=C,whereCisa constant,
Then f(x +8x)=C

£ = lim f(x+.8x)—f(x)
dx—0 Ox

C-C

X

= lim = 0

o0x—0

the derwatwe of a constant function is zero.
dC :

e,  —— = 0.
_ ” dx .
(ii)) ~ The derivative of X" where n is a positive mteger
Let f(x) =x" nisa positive integer.
fix+ 8x) =(x+ Sx)“
=X+ nx""! s + “(“2 D xn-2 (5x 4.+ (51
(Binomial theorem)
S =x"+8x[n.x""! + n(nz 1) (8 x}+...]

sfx+8x)-f(x)=6x[n x““'+—n—(-1—15:—1-2- X2 8 x+ L]

£(x +8x)—£(x)

') =
¢ dx—0 ox
Sx[nx"" (n ) o2 Bx +..1]
= lim
§x—0 : 15x
= lim [nx"7+ LGkt VP 8x+ ] = nx"!
dx—-0 : 2
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d -1 . o
. = (x")= n.x""",where n is a positive integer.

It is true for n is a negative integer or other rational number.
In general

—(x ) =n.x""'where nis an integer or a rational number.

Again we shall state without proof that

@ S uEve] - 4 ux)+ d v
dx dx “dx
(u) d [Cu()] =C.— ™ u(x) . where u(x) and v(x) are fanctions of
x and C is a. constant '
Example 1.
., dy
Find —.
ind — | | |
Dy=32 @y==, G)y=x+0, (¥)y=x+2-3x-6.

Solation - ©

Wy = 3
. ) N 2
&Yoo)y & =6
dx dx - dx
@ y =< =x
‘ : X :
dy no-2_ =1
= (DX =—
dx‘ D X
| - 1 1)
(i) y =vx+—= ={x24x 2
- =
oLy r
dx dx _ dx dx
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1 3
1z 1 2 b1

1
2 2 Wx 2%

& _d (x>+2x3-3x-6)
dx dx
2
o x 9 ;dx _d6
Cdx dx dx dX
= 3x2+2 20)-3(1)-0 = 3 +4x-3
Example 2.
' Find the denvatwes of the following w1th respect to X.

2x> —3x?

(i) (x+1‘)(x+2) (11)(3x 2), (111)——-;\/_—;——

Solution .
@ 4 [+ Dx+2)] =L 43x+2) = 2x+3
~dx dx
(i) —(i—(3x—2")2 =—‘d—(9x2-1zx+4)=9(2x)-12
St dx ' dx .
=18x - 12
) 2x* = 3x? d { 2x° d { 3x?
Gii) —[ —F—— =—\Z=) -—
D&l 4yx I " 4J;) dx 4&)
2 dx - 4 dx
_15 % _ 33k
2277 42
_S. % 944
4 8
Example 3. B C o
' ‘ Given f(x) =(x*—3 ), find f' (x) and f* (- 1).
Solution :
fx) = ®-37% = x'-6£+9
f'(x) =45 -6(2x) = 4’ —12x .
f'(-1)= 41 -12¢1) = ~4+12=8
N
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Example 4. | : |
Given that A = 2r* — 4r + 5 , find the rate of change of A with respect
torwhenr= 3.

Solution
A=2r'—4r+5
dr
whenr =3, %A— =4(3)-4=12-4=8.
: r :
Example 5.
. Find the gradient of the curve y = 3x’— 4x + 3 at the point where x = 2.
Solution ' o ‘
Curve: y =3x"—4x+3
gy =3(2x)-4 =6x-4
dx
whenx=2, & =6(2)—4 =12-4=8.
. The gradient of the curve at the point w_. rex =2 is 8.
Example 6. :
Find the equations of the tangent and the normal line to the curve
y =x* — 3x + 2 at the point where x = 3.
Solution

Curve: y=x*-3x+2 o
~when x =3,y=3-3(3)+2=9-9+2=2.

point A (3,2).
L 2x -3
dx : '

whenx=3, & =2(3)-3 =3.
| ax .

. The gradient of the-tangent line to the curve at A (3,2)is 3.
. Equation of the tangent line to the curve at A (3,2) is

Y-y =m (x - x,), [Formula for equation of the line
withgradient m  and through the point
/ ' (xl s i )] ‘
, Ly—-2 =3(x-3)
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Example 7,

Solution

1. Differentiate the following with.respect to x.

@) 4x°

2, Find

SAx-y. =7 .
Equation of the normal line at A (3,2) is

Y-, ! (x—x,), [tangent line L normal line ]
m ’

-1
-2 = — (x-3
y 3 (x-3)
x+3y =9

When a marble is moving in a groove, the distance s cm from one end
at time ‘

t sec is given by s = 5t— %

(a) Find the speed of the marble at t = 2 sec.

*(b) Find t when the speed of the marble is zero.

s = 5t—t
ds
dt
(a) whcnt=23ec,théspeed%=5—2(2)=5~4 =1 cm/sec

= 5-2t

(_b) when the speed is zero,
s _ 45
dt
5-2t = 0
t = 2.5 sec.

Exercise 712.3

(i) -33- (iii) ;\% (i) 5+ 71_; ‘

) x '—i—i (ﬁ)é’—‘ii-i—‘/g-i’l (i) (3x + 1) (2-x)
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10.

12.4

Dv=x(]-x2 . =8%—-:-§— . _l—
(l)\Y x(1-x7) (i) y=28x % | (iii) y (J;+J;

2

= (1=x)3x+2) —x—1 + 4y (xo1- 2
v)y=(x 1+x)(x 1 x)-'

(iv) y= N )

Giventh: (x)=4. x* , find £'(x) and then f' (1) £ ), ' ( 1 )

Calculate the rate of change of the function f:x |—» w/; + — atx=28.
V X

2x* +2
x*

Given f(x)} = (x + l) (x— —1—). Show that f* (x) =
X X ‘

Given that V = ; r -% r’ +1 -3, find the rate of change of V with respect

torwhenr=2,
Given that the gradiént of the curve y = x° + ax + b at the pomnt (2,—1) is 1.
Find the values of a and b.
Find the equation of the tangent to the curve y = » + 5x — 2 at the point on
the curve where this curve cuts the line x = 4.
Find the equations of the tangent and normal lines to the curve y = x* — 5x + 6
at the points where this curve cuts the x-axis.
Find the equation of the normal line to the curve y =x*-3x +2 which has
gradient of } .

Chain rule, Product rule and Quotient rule.

"~ () Chain rule

Suppose that y is a function.of u and u is a functlon of X.
Le.y =f(u) and u = g(x).

| If 8x, Sy and S u are the small increments in X,y and u respectively, then

ox du. Ox .
. when 8x — 0, and du — 0, then
lim EX- =  lim _Z_SX X lim §E
5x—0 % §x—08  §x08k
dy . dy du
dx du dx
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This technique of differentiation is known as " the function of a function-
method " or - " the chain rule ". ‘ '

Consider y = u" and u = u(x) . Then by using the chain rule,
dy dy du _du" du
dx du dx  du dx
n—1 du -
" dx

=n.u
¢ get the formula
- -{-?— )" =n {ux)] . Eq— u(x), where n is an integer or.a rational

number,

Example 1. ,
Differentiate the following with respect to x.

M) @2 +3x)'°, (i) T IR (o Yt 3y
3-2x X

Solution |
(i)—d—-(2x2+3x)m = 10 (2% +3%)° ‘i(2-x2_+3x)
dx - dx
= 10(2x +3x)’ . (4x+3)
o4 ] - 4 3-27"
@ % G’ dx
e y(3_o -t (320
(-1 (3-2x) 'dx', | |
S (B-27(=2) = —
' (3-2x)
(iii)iJg_xz -4 (g..xz)%“
T dx éx |
_ Lt oo h 4 g2
2 (9 x°) °dx(9-.x)
R PP I SR
2(9 x*) 7.(-2x) y—l

) Lt 2y sy S e
dx X X dx
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= 5+ %-)4- (2x+3(-1)x7)

56+ 2y (2 )
X X

{2) Product rule
Let y = uv where u and v are functions of :
Let 3x be small increment in x and Su dv, 8y be the corresponding
increments in u, v, y respectively
Then y+dy =(u+du)(v+dv)
=uv+u.dv+v,du+ Su. dv
dy =u.dv+v, 5u+ du.dv

ﬁy_ - Sv N " Su.dv
ox 8% Sx d3x
when §x — 0, then 8uv ~> Oand dv — 0 .
Jy dy N\ . du _ du
fim X =% gy YOV lim 22 =% ang
leﬁ 0dx dx 8x -—~>06x dx 3x —>0 8x  dx 2
Budv 8 5:,1'
lim —— li Su x . lim - I} 1 O
S e e Y X g "—’iofax ©) w8

=0 x Do Ry
dx d

X
=0
Hence —L =u —dj— + du
dx dx
A i[u v] =u ﬁ +y d_u
dx dx ‘dx
This'is called ‘the product rule.
Example 2. o
Differentiate /x+7 /(x> +2)" with respect to x. -
Solutmn -

——--[-Jx-l— o) ]—Jx+ -——(x +2) 4+ 2. (x+7)/
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L e e

(3) Quotient rule .
Lety= Y where u and v are both functions of x and v(x) # 0. -
v S o

. u+3u b

oy +8y =
Y 4 v+ v 7

5y = u+du _‘1
SO T U e v
_ (u+d)v=(v+du _ v.bu —udv

(vdv)v. ‘ (v+ Sv)v

V.——-u.
dy L T x Ox

. ox . (v+Ov)v ‘
" when 8x — 0,then §u — Oand v —0. A : o

fm oW g A D e
Sx =0 0x  dx ox—0 8x - dx x—086 dx
e |

dy _ dx__ dx

dx v

. ’ V.——Uu0.— .
dx \ v ' ’
This is the quotient rule.

Example 3.
y

X
Nx2+1

with respect to x.”

Differentiate

Selution

d X2 | xz+1._d—xl—xz.i(x2-IH)}s
S . dx . dx ( by quotient rule)
X+ _ .
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F1.2x=x? (x +1)722x

C(x® +1)
_ (X +D2x—x’ _ X' +2x
(x? +1)72 (x? +1)7

If we use the product rule,

d x’ ) d » 2. .4
- —_— = . +1 2
dx N J/x? 41 dx x G )™

=x2. %(xz-*- 1)—%. +l(\x2+ 1)%. ad; X

=x? ) (--;- ) (x5+ 1)"% 2%+ (xF + 1)‘}5.2x

_-x L2 =x ax(x+])
Gt (Pt e
X (X +2x '
Py
Higher order der;vatives _
When a functiony = f(x) is differentiated with respect to x, the derivative :%

is also a function of x.This function can- be differentisted again with respect to x,
givinga—im( —31) . This is called the second derivative of y = f(x) with respect to x
b _ :

and is written by

) 2
%1 or —- d 3 f(x) or y" (or) f" (x).
X

2 .
This function -::—gi is also'a functi(m of x.
X.

2 .
ﬂ, is further differentiated with respect to x.

dx?
3. 3

The third derivative is written by fi[x_); or % f(x) or y ™ (or) £ (x).

Similarly , we can state the fourth , ﬁﬁh) ... etc derivatives,
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. 2y 3 4 '
These derivatives gxyz , ?lx); y jxf , ... are the higher order derivatives of y =

f(x) with respect to X.
Example 4.
dy dy dy
Lety =5x> +7x*+6 . Find , =5
€ y X X i d 2 dx
Solutien '
y =_5x-3-+7x.“?+6
& L53D)+T2x) =155+ 14x
dx- . o -
2 : ‘
49 Sis@oe14 =30xri4
dx
) _
-c-i—% = 30.
dx
Example 5. '
If f(x) = x* — 2x* + 3x + 1, find f' (l)andf” (1)
Solution ‘
fixy =x —’7x +3x+1
fr(x) =3x-2(2x)+3 =3x"—4x+3
f'"x) =3 (2x)-4 = 6x—4
~SF) =30y -4()+3=2
S o =6()-4 0 =2
Example 6. |
2
Ify=3x2+4x,prove that x%. -d—%l— -2 Y +2y=0
: . dx dx
Sojution
y =3+ 4x
&y =302x)+4 =6x+4
ax
2
L A
dx
d’ ody L. SR '
2 E}% fzx d: +2y, =x(6) =2 (bx + )+ 237440

a6 1258k 628y =0
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Exercise 12.4

1. Differentiate the following with respect to x./““

(1) 2x* + 3 Y%x2 - 3x)°, (i) ( 3+ 3-x? | (iii) ":13

. X

.. 3x-=5 2x -7 . o x4l

iv , vi) JJ——

W 57 ()J_H ( )sz—-l
~. ' ' 2 ! y
2. Calculate the gradient of the curve y = 3:; -8 at the point (2,4).

. 2 .
3. Find g—“i and -g—%— for éach of the following functions.
X X o

(i)y:x_if-‘ (y=x Jx+2, (iii)y= “2'1,

X
(iv)y=(3x*-2x + 1), () y = Bx + 2)!*
2x%+3 dy .

d’y
=, prove that x> —2% +x L =
prove T & x 7

4. Ify=

5. Ify=x*+2x+ 3, showthat( y) (dx )

12.5 Differentiation of Implicit Functions

All the differentiation carried out so far has involved equations of the form y
= {{x).

Now consider the curve whose equation is y + xy +y? = 2.

This equation is not easily transposed to the form y = f(x) and we say thaty =
f(x) is implied by the equation y + xy + y* = 2.

1.e. f(x) 1s an implicit function. . :

An implicit function can sometimes be changed into an explicit function
‘expressing y in terms of x). However , it is sometimes difficult and unnecessary to
o so.

Example 1.
Find 9y ifxz—xyz—y3== 2
s S -
Solution

X-xyt—y’=2"
Differentiate with respect to x.
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coody? 2 dx, ..o dy
2X—{x. — +y". —]-3y". — =0
e e

2x—x.2y~(—j—x -y -3y dy =0
dx . dx

(2xy + 3y2) -g-xy- =2x - y2

dy 2% - y2
dx S 2xy 43y’
Example 2.
Find the equation of the tangent line to the curve
3x%+2y? =2xy + 23 at the point (3,2).

Solution . : .,
Curve: 3x* +2y° = 2xy + 23
Differentiate with respect t0 x, |

6x+4y —q—}:,i =2[x, 5_11 +vy]
dx - dx
o oy Y
dx
- | dy _ y-3x
| ' , dx 2y-x
. The gradient of tangent to the curve at (3,2) is
=230 _ 4
2(2)-3
-~ Equation of the tangent line is
_ y-2 =-7(x-3)
L Tx+y-23 0 =0

=2y-6x

Exercise 12.5

(.  Find ¥ |
dx o

Hzxy=35, . (i) x x+Y) =¥, .

P

(i) X -4 xy+y =14, : (iv) -J-:—z-+;13—=
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12.6

Show that the equation of the tangent to the curve Xt 4 xy + y 0 at the point
(a,b) is x(2a+b)+y(a+1)+b 0. .

Find the coordinates of the points on the curve x> —y* = 3xy — 39 at which the
tangents are (1) parallel  (ii) perpendicular ‘

to the linex +y = 1. ' {

L 'z”ferehtiation_ of Trigonometric Functions

Before. we' study the differentiation of trigonometric functions, we. first
smx

evaluate an important limit , xh_r_g, 0

Consider the unit c1rcle in figure 12.3 with OA OB = 1 (radius) and , AOB =x
* radian. Obwously, BD < arcAB < AC. In nght AOBD, BD = OB sinx = sinx,

(- OB=1)

Y
=tanx, (- OA = 1)

) _
/ / ' Length of ars AB = OBx) =x
X »X ) ™~
!

D | A Toosmx<x<tanx
_sinx X tan x
— < — < -, (sinx>0)
sin X simx sin x

X i
] <—< —/—
. sinx’  cosX
Fig. 12.3 sin x
. 1 >——>cosx
X

. Whenx = 0,cosx=1,

Since lim 1=1 and lim_ cosx=1,
x—0 x—=0

Note . In this chapter, all angles are measured in radian unless otherwise stated.
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Derivatiye of sinx
Let vy = §in X
y+ Sy =sin (x + Ex;
By -—sm(x+§x—smx‘

=2. cos (x + -§-—) sin %—, [ using the *ormula

' ' a+p . a-
sin o —sinf =2 cos 2B.sm B

r o 9
R -
dx 8x —0 Ox ”
2.cos(x + i)i).’sin &
= lim 22
ox —0 - 0X
y 'sin'(%’i?)
= |lim_ cos(x+—). _ lim
8% 30 ( ) Sx —0 (@i)
e - [ _ Bx_\
= cosx xI, o [ when 0x — 0, —.‘5-—-90]‘
='co§ X |
—d .
so— SiNX =cosX
In general 4 sin u(x) ='cos u(x). =— d v
dx dx
Derivative of cos x
Since cosx = sin (g %)
d d .- =% d T
—— cosX =—sin{— +Xx) =cas-—+x (=¥
dx " G R = e G* 9
"‘x\ =-sinkx X 1 , -i-.[ *» cos( -;E +%) = sin x?]

. d .
S —COSX |=—8inx
’ i

Tn gerieral, 3 cos u(x) =~ Sin‘ii(x) LEYR
dx dx
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Derivative-of tan x

: sin x
Sincetanx =
COSX
‘ d . . d
d sinx cosx.g—smx—sm x.d—cosx
— tanx = — (—— = X 7 X
dx dx ‘cosx cos” X

. COSX.COsX —5in X.{—sinX) [ quotient formulé [}

cos’ x
cos® X +sin’ x 1 2
= - T T [ cos’x +sinx=1]
cos“ x cos” x
S S -
=secix .[. secx=
‘ COS X
d
So— tanx | =sec’ x
dx - .
d/ ' d u(x) .
In general , — tan u (x) = sec” u(x) . — ( ).
- dx dx

Similarly, we can easily find the formulas for the derivatives,of cot x, sec x
and cosec x .

d -7 ‘ ' d : . 2 d ’
— ¢cotx =-cosec’x, — cotu(x) = —cosec”u(x). — ux).
™ ax (x) (x) ™ .( )
4 secX = secx: tanx 4 secu(x) = sec u(x) tanu(x) 4 u(»)
dx R dx : ' dx
4 COSeC X =—COSec X .cot X,
dx . ;
~——-cosec u(x) = — cosec u(x) .cot u'(x).—d~ ﬁ(x).
d L dx
Formulas for derivatives of trigonométric functions

d . . d . | Ju ]
1 | —sinx = cosx — sinu = cosu. —.

dx - BRI dx dx
2 icosx =-sinx —d—cos‘u =-sinu du

dx dx Cdx

d 2 d .2 du
3 | —tanx =sec'x — tanu = séc’u. —.

dx dx dx
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4 —d- cotx = —cosec’x —d— cotu =-—cosec’ u. 113
dx : dx , dx
d ‘ d ' u
§ | —secx = secX.fanx — secu = secu.tanu. —.
dx - pdx , dx
d d , ' u
6 | — coSec X = —COSCC X. COtX | — COSeC’u =—cosce u. cotu. —
| dx dy dx
Example 1.
Differentiate the following with respect to x. ' :
(i) sin 5x , (ii) cos (7x*—2), (iii) tan ( 6x +7)
(iv) 5sec (3x+1), (V) —cﬂt-(%_g-ﬂ (vi)— 2 cosec 3x.
Solution |
: d . d ‘_ :
(1) — sin 5X =c0s 5X. ~— 5X. =co0s 5X.5=35.¢c08 3X.
dx dx ,

L

(7x*=2) =-sin (7x* = 2). (14x)

(if) 4 cos (Tx*~2) =—sin (7x*=2). d
dx dx

(iii) di tan (6x +7) = sec” (6x + 7). -dd— (6x+7)= sec? 6x+7).6
X . X . :

(iv) 3—5 sec (3x +1) =S5.sec (3x +1).tan 3x+1). 4 (B3x+ 1)
dx dx
=5sec(3x+1).tan(3x+ 1) .3
=15.sec (3x + 1) . tan Bx+1)
t(l— -
i_ M -zt . cosec? (1 —2x). 4 (1—-2%)
Cdx 3 3 dx
-1
3

V)

.cosec’ (1-2x).(=2) = 3;'— cosec” (1 —2x).

(vi) 4 [-2 cosec 3x] =(—2). {~cosec 3x. cot 3x). 4 (3x) |
dx dx

= 2 cosec 3x . cot 3x .3 =6 cosec 3x . cot 3x.
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E’xample 2.

Find 91
dx
)y =sin’x, (i) y =cos v/x , (i) y = tan® (x°)
(iv)y=sin2x-xcosx, (v)y =sinx.cos’x, (vi)y =
tan x
(vil)y= vXx +sinx
Solution
(i) y = sin’x
dy .
—= = 2sinX.cos X
dx
. V4
(i) y =cos VX =cos X2
dy : 1 -4
2 =_—sinx. —x 72
dx _ 2.
(i) y = tan’(x’)
Y . 2. tan (x°) . sec? (x9).2x
dx -
(iv) "y = sin2Xx-xcosx
% = (cos2x) 2 —[x (—sinx)+cosx]
= 208 2x+Xsin X —Cos X
W) y =sinx.cosx
d_y =sin x . -9- (cos2 x) + cos® x. -9- (sin x)
dx .dx dx
' = §in X .2 cos X. {~sin x) + cos’ x .cos x = — 2 sin’
X.c08 X + cos’ x
. X
'Vl = v———
( )‘ Y =
dy _tanx-x.sec’x

dx tanZ x’
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(i) y = Jx +sinx = (x-}-sinx)l/2

g—z—ﬁ -% (x-+sin X )"12 (1+cosx)
Example 3.

Given that x + sin y = cos (xy), find gy—
. X

Solution . ‘x +siny = cos '(xy)
Differentiate with respect to x

1+cosy. %X = —sin (xy) — (xy)
X

1+cosy. —g—x——sm(x)) [x. gl+y]
X

(cos y +x sin (xy)) 2 =_(1+y.sin(xy))

dy —(1+ y. sm(xy))
dx (cosy + xsin(xy))

Example 4.

. dzy
Given that y = x sin x, find —5-.
dx

Solution y = X .5in X
dy

dx

&y

dx?

=x.cos x + $in X
=x(-sinx)+cosxtcosx = 2cos X — X Sin X
" Exercise 12.6
1. Differentiate the following functions with respéctto x. -
(i) sin(2x +3),  (i)cos~, - (iii) x’cos 2x,  (iv) cos 7x + sin 3x
X : .

.+ (v)sinx. cos 2x, (vi)cos2 (5x), (vid) tan® «./; |  (viii) sin (cos X)

(ix ) Sin X . (%) \/_Si:)x + COSX

2. Find dy |
dx )
(i) y =sin (1 - x%), (11)y 2n x+?.cos1tx
(ii)y = sin’x .cos 35:, (ivy-= G sm( - )
(v) 1?+2siny= v, (vi)sinx.cosy= 2y
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. 2 o
3. Given that y = cosx, prove that % +4y=2
_ o dx ‘

4. Given that y = —;; cos’x — cos X, prove that %X = sin’ x.
, dx

12.7  Application of Differentiations
Sign of the derivative

Ify=1f(x), then % or f' ( x } gives the rate of change of y with respect to x .
When Gy >0, it means that y increases as x increases.

d T - .
When Y. 0, it means that y decreases as x increases.

Similarly ,

d? o d o
—-—%{ >0, it means that ;ll increase as x h.creases.
: X _

d*y . dy . :
i —= <0, it means that —— decreases as x increases.
dx? dx '

Stationary points , Maximu.m and Minimum poi;its
Y :
4

<0 >0

& &
g l&

'l

& &
clé
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Consider the graph of a function y = f(x) in given figure 12.4. Along PA, the
gradient of the curve gy- < 0 since y decreéses as x increases. On reaching A,
x .
dy
dx

=0. gy > 0 after passing A. Then LN 0 along AB. AtB, Y. 0 again.
-dx dx dx

After passing B, the curve descends again along BC and here 'S-X-< 0 .The
| : X

points A | B,C and D where g—y = () are called the stationary points . To be more
- X

specific, point A is called a minimum point because f (x) has a minimura value at A
as compared to the neighbouring points around A' -

Note however, that it does not necessarily denote the least value for the whole
curve. Similarly, point C is also a minimum point.

Points A an‘d C are sometimes referred 1o as Local minimums.

Point B is called a Maximum point because f(x) has a maximum value at B
as compared to ¢ neighbouring points around B.

_Again, point B is only a local maximum and does not necessarily represent the
maximum value of the whole curve. ' '

A turning pont is a stationary pomt which is either a maximum or a
minimum point.

Stationary point (point of 1nﬂexion)

Y Y

A : A
y = f(x) y= <
0 §Z< 0

dx

Fig.12.5
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‘Consider the graph of y = {(x; in Fig. 12.5 and of y = g (x) in Fig. 12.6.
dy . '
In figure 12.5, d_ = ( at point A.
X

In figur12.6, %= 0 at point B.
X

However , A and B are neither maximum nor minimum points.
They are called stationary points of inflexion.

Notice that for stationary point of inflexion.

dy
dx

(1) =0

(ii) g—y changes sign from positive to zero , then to positive again , (or)
X .

dy

p changes sign from negative to zero , then to negative again.
X :

d : . .
When -&X =0 at a certain point , we have the following cases :

X
(1) if —= changes sign from positive to negative , then it is 2 maximum point.

(2)  if —= changes sign from negative to positive , then it is a minimum point.

(3) if —= does not change sign as it passes through the stationary point , then it is

a stationary point of inflexion.

Example 1.

Find the stationary points on the curve y = x* — 3x + 2 and determine the
nature of these points.
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Solution

curve: y = x -3x+2
Ell =3x2;3 I
dx _
Y L owhen3x-3=0
dx

x = +1-

whenx=-1 ,y=( )—.)(—-1)'*'2 4
whenx=1, y=1-3(1)+2=0
-, The stationary points are (-1,4)and(1,0).

- } T - 'e'--]":X(l ‘#K)l -
T i
x<=1 x=-1|. -1<x<1 x=1 x>1
"signof 9}[ . + 0 . - 0 +

sketch of tangcnt / — \ A , /
outhnc of graph /""—‘“\ /
———#_.__-—-"

Hence , (- 1, 4 ).'is' a maximum péint and (1,0)is a minimum point.

Example 2.
Find the statxonary pomts of thc curve y = x ~1 and determine thc nature of
these points.
Solution curve: |y = -1
' ..(-1.—y— = 3x2
. dx‘ .
9 _0  when 3x*=0
o dx

x =0
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when n=d,y=0-1= -],
2 (0,-1 )isa stationary point.

ceft - x>0 3
e b - _ i

0

x<0 x=0 | x>0

fe)
+

. 'dy :
sign of —- .+
gn dx :

' sk(_:tchpf tangent | . / : _./

outline of graph ‘ //

Hence (0,—1)is a point of inflexion.

Exampﬁ?i' |
Find the stationary points of the curve y = x> { x ~ 4 ) and determine its
nature, | '
Solution | |
curve : y =x3(x;4) =x'-4x’
d
a% = 4’ — 12x*
g-x’—’ =0 when 4x*-12x% =0
4% (x-3)=0
x=0orx=3
Whenx=0,y=0

Whenx=3,y=3*(3-4)=-27
Stationary points are (0, (:) and (3, - 27).
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x<0 x=0 0<x<3 x=3 x>3
sign of gy - -0 - 0 - F
‘ dx _ - . _
sketch of | /
tangent : \ - \ -
outline of graph - o |

Hence , (0, 0 ) is a point of intiexion and { 3 , ~ 27 ) is a minimum point.

Example 4.
Find the stationary poin.ts “of the curve y-=27x + iz and determine their
L. . X .
natures.
Solution curve Yy = 27x + :12 =27x +4x7*
X ,
L A .
dx X ,
pa—- Y~ when27- = =0
S dx . Sl
L = 2
27
- 2
x = —
3
whenx= = ,y=27(—=)+ — =18+9=27
Y 3’7 4
9

2 , _ N
(33- ,27) is a stat’onary point .

y is undefined atx =0
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x<0 |

x=0

x> —

dy

sign of
B dx )

undefined

+

sketch of tangent

-

outline of graph

_/
-

2 . . .
Hence, (—3—— , 27) is a minimmum point.

Exercise 12.7

Find the ‘cfationary points of each of the following curves and determine the

nature of these.
Iy =3x"-8x +4 2.y =
4, y =x*—3x2+3x -7 5.y =

12.8 Distinguishing Maximum and Minimum Points Using 4y

2% — x°

x4—6x2+8k~5

3.y =x*(3-x)
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_6. y=3-x2——-3_*
X
2
"y
dy dx
dx A
k:
: 2
P\ <o
i \"g X
O P A\




onsnder the maximum pomt A-onthe curve y = f (x) in F1g 12.7. Then the

graph of g—— agamst X for points P, LA andQi ss plottcd as shown in an 12.8.

TIn Fig. 12.7 ,jino_i".c.e that -gx changes éign from positive to zero , 'the'n to

negative. .
In other words , the rate of change of _é_y_ ‘with respect to x is negative .

. dy .
1.e. E-'-i‘ 15 ncgatwe.
X

d
Thus 2 point is maximuim when -é—j-/-

e T
=0 and dy ’O'nthatpomi
x dx?

5 “ ‘dl-_

Fig. 129 T
8 . Pz

Consuier the mm:mum pomt B on the curve y = f (x} in Fxg 12 9 Then the

graph of —g—x- agamst x for the pﬁmts S,Band T is p[otted as showr in Flg 12, 10.

In Fig. 12.9 , notice that —&X cha~ b'es sign from negatwe to zero , then to
X } ‘ .

positive.
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I ether words , the rate of change of -dl with respeet to x is positive.
. dx

2 oy
- le. —gx—): is positive. -
| gyl gty
Thus a point is minismum-when -c-l——=- 0 and ol > () at that point.
X X
d*y d2y

Note (1) . 1 s = {) at the stationary poiﬁt, the use of ey to determine fails

and we have to consider the sign of -gl as the curve passes through
_ X :

the turning point.

2) If g% is a complicated expression ,'th.e“u'sg of g—;:;—, to detetmine is
difficult . In such case, consideratios, of the sign of % as the curve
passes through the turning point may be more appropriaté.

Example 1. R |

| Determine the turning pbint on the cque y=3x*-6x +3 and staté

whether it is & makimum or 4 minimum.

Solution | |

Ty =3% -6x+3

Y —ex-6

Y 20 when 6x-6=0

whenx=1,y=3(1}-6(1)+3=0
. The turning pointis (1,0). '
d?y . '
w ~°
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. 2
whenx=1,£i-.~¥=6>0
dx®
. The turning point ( I 0)1samm1mumpomt

Example 2.

What is the largest area possible for a right triangle whose hypotenuse is 5 cm
long. ' ' ' ' '

Seolution ‘
| ‘Let x and y be two legs of right triangle (x>0,y>0).
: x? +y -52 =25

= V25 -x? , (y> 0)

Then the area of the right tria'ngle is

A = %‘x'y =-;- V25 —x?
dA 1 4 ' dx
hadd =[x — 25 —x? + 425 —x2 | 22
= 2 d x/ -x? \/ -x? dx]
=%[ é—(zs x) 2(—2x)+\f25-x ]
1 _—.
2 1/ <]
_ 1' 25 2x?
| \/25 x
dA :25-2x?
— = 0 when ——=—="—" =
dx 2425 —x?
P 25 | |
x = a—
4 2
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,(x>0)

5
x |- —
V2

st-x2.c-4ﬁ)~(25-2xzyé{25~x213(42x)

¢'A 1
dxz 2 25.-.x2
_ 125 =x7) (- 4x)+(25-2x%)x
3
(25-x7)?
_ 1 2x*-75x
2 (25-x*)
- 125 375
2 Ny
whenx=i,—§-f;i=-1-.‘j2 "q'—_<0
V2 T dx? 2 253
('2—)

A i§ the largest value when x =

> 25:=6:5cnﬁ

1
the largest area A = —xy = == —
g > y N
Alternative method ( using trigonometris functions)
| Letan acute 'angle of right triangle be 8 . (0 < 6 < g)
s twolegsare 5cos 8 and5.in 9.

> Then the area of the riéﬁt triangle is

9 | A =%'(5003 0)(5sin 8)
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= 2—5~ sin 28 , ( using sin 26 = 7 sin@ cos )

o -’fi_é. = _2.5,_2.(30329:-%-5- cos 26.

da = (O when 2—550329'#'0
e 2
c0s28 =0
26 = =,
2

T, s
§ = — (0<B <=
71(0<0<D)

2 .
d*A »gzé(_%inzg) = -255in20

92

kid , d é = 25 sin
-4 de”

when 6 = = -25<0.

o=

- Ais the max1mum'when--- 8 = z .

25

- 25 25 .=
-.- Th 1 t B 3 = — ——
e largest area A = 2 in 20 )

= 6,25 cm’

‘Example 3, - . . el e CLT
Find the least amount of matetial needed to build an open cylinderical

vessel with a capacity of 460 mem’.

Solutlgn open

Letr =radius and h = height of cylinderical vessel.
. Then volume of vessel is
.. mrh =400w ,(given).

. h‘ = iqz'g :

I
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" Since vessel is open top, area of material for vessel is’

A =xP +2_1:rh-=1t'r2'+2ur. :‘g—q
= 8001‘: (r >0)
dA ‘ 80011:
s =2ar — 3
dr y or
when dA =0, 2mr— 80?“ =0
dr . r -
r = 400
r "= Y400
W ”ﬁ’? :
. dz
When 1 = ?J

. The area of matenal is least when r = 400 -

80011: 1200,
cny

r . ia00 -

<. The least amouﬂt“bf material = nrz +

Exerclse 12.8

Find two posmve numbcrs whose sum 15 20° and whose product is as iarge as
posmble. . ‘

What is the smallest pemnetsr poss1ble fOr a rectangle of area 16 in’

Ifa plece of stnng of ﬁxed length is‘made to cnclose a rectangle show that
the enclosed area is the greatest when the rectangle isa squam '

X x+y 82 find lhemaxunumvaiucof Xy.

" Find the minimum value mf the sum of a positive numbcr and its recnprocal



A rectangular field is surrounded by a fence on three of its sides and a straight

hedge on the fourth sides, If the length of the fence is 320 meters , find the
maximum area of the field enclosed.”
A rectangular box has a square base of sndc x cm. If the sum of one side of

the square and the height is 15 cm ; express the volume of the box in terms of
x . Use this expression to determine the maximum volume of the box.

129 Curve Sketchlng

In sketching the graph of a d1ffercnt1able ﬁmctlon y = f (x) , some or all of

following may be useful. \

(D

to determine the points where the C{m/e cufs the X and Y axes , ( if easily
found.) (i.e . the points where x=00ry=0)

(2)  to determine the stationary points and their nature. .
(3)  to determine the general Beha\;rioﬁr of the curve as x and y approach
mfinity. o
(4)  to note any special point that the cquat.iori may provide.
Example 1. | , o
| © .. Sketchthecurve y = 25+ 32 - 12x + 7.
Solution | o ‘
curve y =23+ 30— 12x +7
(1) when x =0,y=17

- The curve cuts the Y-axis at (0,7). .
@ Yoetirex-12

‘. gy

- 0 _ \Vvh'c_én‘ '6x2'_+l__§x'_-1_2: =0
X+x-2 . =0
(x+2) (x-1)=0 -
x= -2 or x=1
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when x=-2,y=2(-2y+3(-2'-12(-2)+7 = 27
when x=1,y=2(1P+3(1)’-12+7=0
- The stationary points are (-2 ,27 )and (1, 0).

_ dy _ o
when x=-2, E—z— =12(-=2)+6<0
X

2
when x =1 ,9—%{=12(I)+6>0.
' dx

(-2, 27) is a maximum point.
(1,0)is a minimum point.
6 7

3
3)  Asx —res ,y= 2(1+ — - — + —— ) 5
(3) % L,Y=. ( 7% o P .) _

ASX ~—o0 Yy = —o0, _
From the above informations , we can sketch the curve as shown in figure
12.11. : '

Y
A

~2,27)

y=2x+3x' - 12x+7

/ | Ol @0

Fig. 12.11
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Example 2. _ |
Sketch.the curve ‘y=27x + -‘12- .

Solution ' ) ,
4

curve : = 27x +—.
. AT

~
i

| . ' 4
'(}) -When Y ,=0"- 27x +;—2— =.0 )
" ‘ 34

‘ | | | L . | 3 7.‘..7:- 7.
The curve;cutsthe X-axis at(—i;; 5-.0). T
5 -Wh‘en'x-'——'ﬁ y=27x+ iz is undefined .
X
- dy g
2 27~——~
.9-——==0when 27—-§— =0 _
dx x? S
'.-x’ - _%ﬂ :
27
. 2
X [ -
B SRR R 3 .
when x= 2 ,y'=27(-2-') + 4
— 377, 3 22
| 37

=27

\ . Stationary pointis.(-éz-' Y 27)

(-g- ,2’7)i__saminj--;umpoint;
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(B) | when x 0, y= 2Tx* 2 e

-

~  whenX - e, y 5> —eo ‘
(4) ~ whenx — 0" (from left side of 0, x<0),y e
whenx-—-)O (fromnghtmdeofo x>0),y e

_ From the above m:formanons , we can sketch the curve as shown in
Fig. 12.12." : S S '

Y
. 4

 Figiniz
Exerclse 129
Sketch the graph of the followmg curves .
l Y= x +1 - : 2.. : 'y%x?¥3x-+2 ,
3. y= (x+1)(x 2) (x- 3) 4 y=x(x-2)
S : ).r'".x+—12 : L 6. jr=""—-—:72 o
‘ x - x-2

12:10- Appronmations .
We have known that the denvatlve of a funct;on y f (x) with respect to X is

dy - 3y
= hm
dx k 6x—>0 &x
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Here, 5 x and 8y are small increments in x andy. respectively .

| o d
Hence , if 8x is very small, ?— is a good approximation for &l
- X - coodx

i.e.  when 8x 1sverysmall 3y ~ ﬂ :
: §x T dx

Hence By ~( )

This is a very useful formula to determine an approximation of the small
change in one variable as a result of a small change in the second variable.

Example 1.
If the radius of a circle increases’ from 5 cm to 5.01 cm, find the
approximate increase in the aréa. . ' {
Solution ‘ | ‘
Let A be the area of the circle of fadiusri I.
“Then A =ar
s iA— =2nr

Slnce r increases from 5 cmto 5. 01 cm,
r=35, r+6r-—501 N
dr=501-5=001

Then 8A = (%—:—').. §r = 2ar. 6r = 2n (5) . (0.01) = 0.1 zcm?
- The approxirhaté"increa'se in the area = 0.17 cm?
Example 2.
574 : .
If y=ax" where 'a'isa constant, what approximate percentage
increase in x will cause 3 5% increaseiny 7
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Solution

Since percentage increase in y is 5% ,

3y X 100 =35
y :

o0y =005y

To find the percentage increase in x, ( i.e. ox x 100)
, ) S _

Sy z(—q—z)Sx
dx

5a v
= .x
4

005y =~ LOx

4 4
0.05.ax5 ~ i;—.x .0X

0.04x. ~ §x

A 004, Y100 ~ 4
X X
The percentage increase in x' is

93X L 100 ~ 4%

X .
Example 3.
Given that-y = x.%é , determine the approximate value for /101 by

using approximation.
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- Solution_

y==.‘x_

when X = OO y*lOOy 10

we have to approxxmate JIO Thcn C.

x+ 8% = 101
X =1 |
H_ = .!.x_%= 1 .
dx 27 2%
sy ~ (=X). & .
YEYR
1 R 1
= e 8% = e X 1 =— =005
o 2vx 24100 20,
V10l = y + 8y ~10+005 |
- A0l ~-1005 . -
Exercise 12 10 T ' ' - .

- ¥ind the aPproxxmate changc in. the volume of a sphcre rvhen its radius
,‘i":decreases from 5 cm 10-4.97. cm R 3 S O

,_j_If y= 4 J— + 3x fmd the approxxmatc change m y when X changes from 9

'_cm to 8. 98 cm

I =3 "72+x

R 1) X increases. from 3 to 3. 01 (u) X decreases from 3 0. 2 98

‘ Grvcn that y 2x + 3x ﬁnd the apprommate pementage change m y when

X decreases from 2 to 1 97

.

ﬁnd the apprommate change iny when
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12.11

Use approximation to approximate the following vaives
(i) /30 (i) ¥6s

Logarithmic and Exponential Functions
We have learnt that

x = 100 @y =log,x

. Such logarithm to base 10 is calied comimen logarithm.

Since 10” is always positive for all real value y, x> 0.
ie.For y=log,x ,x>0.
Graph of y=log, x

Consider y =log ,,x,0<x £10.

L1
_(m) -JT—..z—_z—.

X % }é 1

i8

y=logox | -0602 | -0301 0 0.699

—

&Y

\

Fig. 12.13
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Notethat log,X—o as X —oo.
| log o x = —o00 " as x— 0",
Derivative of y=1log , X . -

Let y =logwx '
Let & x be a small increment in x and 8 y be correspondmg small increment
iny.. -
Then y + 8y = logo(x+ '6x)
8y =log,(x+3dx)—lognpx

X +8x .
=l°gm( )',(x>-0)- :
o +& x +6x '
= =#4@mﬁ %) log , (R
80X 5x ‘
= log,o(1+_——)""
x
Let -§1 = t, then L=-1—
X 8dx xt
W% pede ™ =L lege 1+ 0
5x I
When 8x —0 ,t — 0. Then ‘ ' -
Y = im - 2Y = Ltim logu(l + )Y

dx 86x—05x X t—
1 . |
=;megMH4W)

The following table shows (lim (1 + t)¥* ) =2
t—0 :

t % (1+ )"
1. . e 2,
0.5 ' 2. 2.25
025 4. .| 24414
- 0.10 10. . 2.5837
0.01 100, © 27048
0.001 T 1000. 27169
'0.0001 10000. 27181
) 0.00001 100000. 2.7183 - .
' 0.000001 1000000. 2.7183
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‘The above table shows that (1 + t)"* —2.7183 as t—.0 .
This limit value is denoted by e which is called the exponential number.
In fact, ¢ is an irrationat number such as value 7 = 3.14159 ..

dy I.
’I‘h fO F] _ = — l 10
erefore ix " Og e

. d 1
| ‘e —a;(logwx)———; . log e
It is similar for Logarithm with base a ,
| d 1
— (1 =—1
3 (logax) < g e

Ifu (x) >0 is a function of x ,

d : 1 d u(x)
— = —— log,e. —V

™ log 1 u (x) Y 0gune. 77
d d u(x)

= log. u (x)= ( ) dogae ™

Loganthm of base eis called natural or Napieriai Logarithm and denote

log, x = ln X.

. d- ‘ 1
Since — (log, x) = log_ e
dx( g. ) ~ log,
d 1
= =]
3 (o8, x) = log, e
o -d-—lnx =i— (x>0)

&

In-gegera_l'. % nu) = Tf(% ; g—s; '
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Example 1.
| leferentlate the followmg ﬁmctlons w1th respcct to X.

(1) log 0X® _ (11) loggx,\ C(iii) Inx’
' ( iv) In Vx? +5 (v) ln‘sin 2x ( v1 ) ln x . log ,oflx
o2 EE

(vii) o —p=——==" (viii)
_\/x2 +2 logjo %

Solution

. d 3 1 d 51 a3

N — logipx° = — - logjpe —x* = — 10 S 3xc = =1 .
@ 5 losro 3 gi0 ix 3 Blo ¢ - % o810 e

. d d , 1 3.
(ii) E-log2 _x log, e dxx=;—§-.logze.3x.2_=;‘log2¢,

(ii1) a(—l—ln X =—.

(iv) dianx’+5= 1 .-f-\/fu
x .

X x*+5
ool N sy o=t
x2+2 2 ‘ X +‘5
d ., . d
) — In'sin 2X = — — sm 2x = 5 2cos Zx =2cot2Xx
dx sin2x  dx ‘ sm 2x ' '

. d d ., d
vi —Inx loggx = Inx. —1 + 1 - —1
(vi) ™ Igm n X & oglo X 0g10 X ™ nx

1. '
= Ilnx - — -logloe+ logl'ox- L
X X

d X '/X +2 "‘X / 2+ VX z -'——'X— X +2

{vii)y -———In ' ,
dx  Jx*+2 X dXF+2 X X+2
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™ - Vxi+2 —x.t

X +2 ‘ 2 %42
X x2+2

]

xX2+2-x7 2

T X 'x2+27,\/x2+2.— x(x* +2)
(vidi) - -
d 2 2 d . |
d %2 _ IOEIO_K R X dx logjg x
dx - logp x (logrg x )

(logrox)? (logyo X_)2
Exponential functions | '

A function of the form a* where a > 0 constant and: vanable x is called an
exponential function of x .

Consider the most important of this kind e* .

The graph of y=¢* and ¢ ~* plotted as shown in figure 12.14.

x -3 _2 1 o | 1 2 ER
et 0.05 0.14 0.37 L 272 | 739 20
e 20 739 | 2.72 1 0.37 0.14 0.05
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A‘v :

32

Derivative of a*, (a > 0)
" Lety=2,(a>0)
Sx =logy _
" Differentiate both sides with respectto x , -

1 = llcogil e . ﬂ
y dx
N d = .-y ! ..=_a" fog,,a =a"h.

.y
dx log, e
d ,

i

— a* = a* Ina
dx. 3

..i d * o . ) d
"~ In general —a"® =a""Ina,—u{x),
_ In general - ™ {x).

-(-i-—é" =e (v Ine=1)

d u(x) u{-x) “d \
—& = — UiX
dx )
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Example 2. w
Differentiate the foIlowmg with respect tox,

i ¥ Bt el (m) emX  (iy)  x?e™ ,
' x : . . x X 2 ‘e l 3.62x
v) e, sin3x , (vi) (e"+e™) (vii)
: | 1-2x
Solution |
)] —d—e3" =e¥* . 4 Ix =e™.3
dx . dx
- . d ;-2 ox2 d . 2 1-x2
i —e =¢ . — (I-x%)=¢ « (-2x
‘( ) ™ ™ ( ) - | (- 2x)
(1ii) ie”inx = eSinx | —d— sinx = e% | cogx
dx : “X
p d 2 2 d o o 2
iv) —x‘.e X% o — ey L — x
) dx dx .
‘ =x%. e .3+ e, %
v) 4 (e*. sin3x) = e . 4 in3x rsindx . S o
dx _ ©odx - dx

= e . c§s3x.3+sin 3x.e* .2
(Vi)—(-i-(éx +e %) =2(e" +e-").;‘-l— (e* +¢%)
o ‘ x 7 7

= i(ex +e™ ). (e* —e™)
' N IR xn d
2x : (I-2x).—e“ —e*.—(1-2x)
wip L3, .=3.[ dx_ -1 ]
dx “1-2x : -2y

| [(1 2x) 2e2" 6% (= 2)] 3 (-dne™ 4x)e2"
(- 2x) & (- Zx)
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Examptle 3.

Somdion

Find = dy
_ dx
— 2

(y=e lnx o T (i)y=logne” ,
(i) y = log 3(smx+e %) (iv)x ¢ +1In (ny) =sin x.
@ -y =¢ Inx _

& = —(—1— Imx+inx. 4 e* ze".'i +Inx. e

dx dx dx x

@) y =logee’ =x'logue

dy =log ne. ﬁ-x = log €. 2X
dx

“idx

(i) y = log, (sinx+e)
dy __ 1

dx sinxte”

=l logse (cosx+e)
. sinx e’ |

d
A — smx+c
Ogaedx( )

(iv) xe¢'+ln (xy) =sinx

szfercntlate both 51des with respect to X..

: dy dy '
e, L e —[x— + =COS X -
X dx [ dx vl

Xy
(xe”+ )5‘—- =cos X — ¢’ -_—~1—'
y’ dx X
. 1

: et -2
dy =.c.:osx e’ =

o V'I;(éy-_l-l.-

‘ : y




Exercise 12.11

Differentiate the fdilowilng functions with respect to x.

1

(i) In (2x* + 3), ' (i) 3* . x* _(iii_) x* log 2%,
(v)2*.dogw(x+1) - (v)in V5x—4, \ (vi) ¢ sinx
X
Find g-y- .
dx
Inx

Dy =x_3 e (i) y=3".tanx (i) y=

- (iv)xlny+e¥ =2.
I+sin x ' _

' 2 .
Find the gradient of the curve y =In ( zx 1 ) at the point where x = 2.
x2 +1

Find the equation of the tangent to the curve y = ¢** at the point where x = 0.

SUMMARY
Limits
We write " x — a " to represent " x approaches a ".
Whenx— a, xisclosetoa(or) X isneara, but x#a,

The limit of function f(x) is L as x tends to a is written by
lim f{x) =
X—a
[i.e. f(x) SL as x —»al.
Derivatives

The derivative (or) the rate of change of function y = f(x) with respec
to x is written by

gy T o £ (or) 7 (00 £* ().

£ fim f(x +8x)—f(x)
fiix) =5lim/ ¢ e
" The derivative by using this formula is cailed the differentiation from

" first princlples .
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.1 The derivative of 5'-'f()i).‘at“x‘= a is -

@y 0"‘“‘"{""‘) it

3. Rules and formulas for denvatxves
Letu=u *) and v.=v (x) be functxons ofx.

9 uyjdn | dv

Rule. 1.
dx dx dx

.__d__[C.u]:";f - where C isia constant,

dx v dx '

-C-L{“V] S th LI v du. 5[ Product rule] -

Rule. 3 7 -
dx dx x

P TR STea T e e dll dV :7‘.. T e

a‘; - - = _d_x__z_d_x_ [ Quotient rule].
v Vi

- Rlllé.—’Z. AR

Rule. 4.

Rul_e. 5. (Chain rule)
ify=f(uandu=u(x),then . -

;_c_l_y.- A ot .dy du R I ‘ ) ey
B S T S

Formulas

4o - d'[u('x)r‘"; ot 4 u()
x ™ R R ™

dsing gy - L Smﬁ&@u(x)— S
L@ L e, d )
u(x)

d .
4, Etan ) = se‘c2 X, jxm '.1(?‘) = sec’ u(x). —

5. a—;_cot"x . =—cos‘e'02 x', %cot ux) =—-(:40se«’;2 u(x)_. g;u(x)




4 secx =sec X. tan x,. d ;ec t (x) sec u (x) tan u (x) d_u(x)
dx R dx dx
d cosecx .

e = — COSCEC X. COt X,

dx i .:r‘

Seosee U(X) __ coseci (x). cot u (x) . —d——u(x).

dx R ST dx

4o s d ® . _ g du)

dx U odx o Tdx

d ln(x) _1 dnu(xy _ _1 d U(X)

dx X ’ dx u (‘()

dx X dx ‘ u(x) dx
4 log, x ' =l.logae ’_d_log-au(x)z' lo & dux)
dx X dx u(x dx

e
-t

xponential sumber

e = hm 0( [+t )}/ =2.71828 .. (1rrat10nal) is called the evponentlal number

A pphcatxons of differ entiation
1) Tangent line¢ and normal line -

Gradient of tangent line to the.curve y ={ (x) at the point (x, R

m= (5

Equation of tangent hne to the curve y f (x) at the pomt (x,, y,) s

(xl' Y

.’

Yy—Y _-m(‘}‘“xl)'

Equation of normal line to the\curve'y = £ (x) at the point (x,, y,) is

Y- ¥ = (x=x).

/
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(2)  Nature of curve o
The point where f* (x) = 0 is called stationary point, .
|

a n” at . h- . h h*
ol + ¢ - - ftwf- o0 '+
max : uming point _ min : tursing point
le o A bas _d . dt
fm e 0 o+ fool- o -
/T S

7. poiﬁts of inflexion.
(3) Approximation
oy = ( ﬂ}i) dx.

dx

Higher order derivatives

The second derivative of y = f{(x) with respect to x is written as .

L o L™y @
X : dx :

dy . 4 W

dx* dx ‘dx “
‘The third derivative of y = f{x) with respect to x is written as

0 3 ey | . -

d'y d’ fx) - w

or —_— or or) 7 (x).

o (or) e (or) ¥ (or) £7 (x)

oy 4 gy,

dx’ dx = dx?

Similarly , the fourth , the fifth, ... etc derivatives can be continued.
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